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Preface

This set of lecture notes about nanoscience and nanotechnology was initially
written over the spring and summer of 2003. After my initial appointment
as an assistant professor in chemistry, I agreed to teach an introductory
class on nanoscience and nanotechnology for incoming graduate students
and upper level undergraduates at the University of Notre Dame. However
after accepting this task, it quickly became apparent to me that there were
few resources available for teaching such a class, let alone any textbook. So
while waiting for equipment to arrive, I undertook it upon myself to compile
a series of lecture notes that would explain to the student some of the un-
derlying concepts behind “nano”. The motivation for this was to describe
to the student the physics behind each concept or assumption commonly
encountered in the nano literature rather than just providing a qualitative
overview of developements in the field. I have also tried to illustrate and
motivate these concepts with instances in the current literature where such
concepts are applied or have been assumed. In this manner, the goal is to
provide the student with a foundation by which they can critically analyze,
and possibly in the future, contribute to the emerging nano field. It is also
my hope that one day, these lecture notes can be converted into an intro-
ductory text so that others may benefit as well.

Masaru Kenneth Kuno
Notre Dame, IN
August 24, 2003
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Chapter 1

Introduction

Preliminaries

What is “nano”? Well, without providing a definite answer to this question,
nano is a popular (emerging) area of science and technology today. It has
attracted the attention of researchers from all walks of life, from physics to
chemistry to biology and engineering. Further impetus for this movement
comes from the temendous increase in public and private funding for nano
over the last ten years. A prime example of this is the new National Nan-
otechnology Initiative (NNI) created by former President Bill Clinton. The
NNT increases funding in national nanoscience and nanotechnology research
by hundreds of millions of dollars yearly. In addition, private sector con-
tributions have jumped dramatically as evidenced by the plethora of small
startup firms lining the tech corridors of the east and west.

Nano has even entered popular culture. It’s used as a buzzword in con-
temporary books, movies and television commercials. For example, in the
recent blockbuster, Spiderman, the Willem Dafoe character (the Green Gob-
lin) is a famous (and wildly wealthy) nanotechnologist whose papers the
Tobey McGuire character (Spiderman) has read and followed (see the scene
outside of Columbia university). Likewise, in the movie “Minority Report”
Tom Cruise’s character undergoes eye surgery to avoid biometric fingerprint-
ing. This scene involves a retinal eye transplant aided by so called “nano
reconstructors”. A scene in the DC metro shows him reading a newspaper
with the headline “nanotechnology breakthrough”. In television, a current
GE commercial for washers and dryers features the storyline of: geeky nan-
otechnologist bumps into a supermodel at the laundromat resulting in love
at first sight. We're therefore, implicitly, told to believe that their mix of
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brains and beauty embody GE’s new washer/dryer line. In books, the New
York Times bestseller “Prey” by Michael Crighton features nanotechnology
run amok with spawns of tiny nano bots escaping from the laboratory and
hunting down people for food. (Sounds like the “Andromeda Strain” except
recast with nano as opposed to an alien virus.).

The mantle of nano has also been adopted by various scientific visionar-
ies. Perhaps the most prominent is Eric Drexler who has founded an insti-
tute, called the Foresight Institute, devoted to exploring his ideas. Concepts
being discussed include developing tiny nano robots that will “live” inside us
and repair our blood vessels when damaged, preventing heart attacks. They
will also kill cancer, cure us when we are sick, mend bones when broken,
make us smarter and even give us immortality. These nano robots will also
serve as tiny factories, manufacturing anything and everything from food
to antibiotics to energy. In turn, nanotechnology will provide a solution to
all of mankind’s problems whether it be hunger in developing countries or
pollution in developed ones. Drexler therefore envisions a vast industrial
revolution of unprecendented size and scale. At the same time, concurrent
with his visions of a utopian future is a darker side, involving themes where
such nano robots escape from the laboratory and evolve into sentient beings
completely out of mankind’s control. Such beings could then sow the seeds
to mankind’s own destruction in the spirit of recent movies and books such
as The Terminator, The Matrix and Prey. Now, whether such predictions
and visions of the future will ever become reality remains to be seen. How-
ever, any such developments will ultimately rely on the scientific research of
today, which is, on a daily basis, laying down the foundation for tomorrow’s
nanoscience and nanotechnology.

In today’s scientific realm, the word nano describes physical lengthscales
that are on the order of a billionth of a meter long. Nanoscale materials
therefore lie in a physical size regime between bulk, macroscale, materi-
als (the realm of condensed matter physics) and molecular compounds (the
realm of traditional chemistry). This mesoscopic size regime has previously
been unexplored and beckons the researcher with images of a scientific wild
wild west with opportunites abound for those willing to pack their wagons
and head into the scientific and technological hinterland. In this respect,
nanoscale physics, chemistry, biology and engineering asks basic, yet unan-
swered, questions such as how the optical and electrical properties of a given
material evolve from those of individual atoms or molecules to those of the
parent bulk. Other questions that nanoscience asks include:

e How does one make a nanometer sized object?



e How do you make many (identical) nanometer sized objects?

e How do the optical and electrical properties of this nanoscale object
change with size?

e How does its optical and electrical properties change with its “dimen-
sionality”?

e How do charges behave in nanoscale objects?
e How does charge transport occur in these materials?

e Do these nanoscale materials posess new and previously undiscovered
properties?

e Are they useful?

The transition to nanoscience begins at this last point when we ask how these
nanoscale materials might be exploited to improve our lives. Venture capital
firms and mainstream industry have therefore taken up this challenge with
many small startups trying to apply nanoscale materials in products rang-
ing from better sunscreen lotions to fluorescent labels for biological imaging
applications to next generation transistors that will one day store the entire
content of the Library of Congress on the head of a pin. More established
companies, such as GE, HP, Lucent and IBM, have also started their own
in house nano programs to revolutionalize consumer lighting, personal com-
puting, data storage and so forth. So whether it be for household lighting
or consumer electronics, a nano solution exists and there is very likely a
company or person pursuing this vision of a nano future.

So what is nano? This series of lecture notes tries to answer this ques-
tion by explaining the physical concepts behind why such small, nanoscale,
materials are so interesting and potentially useful.

Overview

The idea behind these lecture notes is as follows: First in Chapter 2, the
composition of solids is discussed to introduce common crystal structures
found in nanomaterials. Solids come in a number of forms, from amor-
phous (glass-like) to polycrystalline (multiple domains) to crystalline. Much
of nanoscience and nanotechnology focuses on nanometer sized crystalline
solids, hence the emphasis on crystal structure. In addition, the structure
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section also illustrates the increase in surface to volume ratio for nanoma-
terials over bulk. This is because in nanometer sized systems up to 50% of
the atoms lie at the surface of a nanostructure, in direct contrast to macro-
scopic solids where such numbers are typically much smaller. The surface is
therefore potentially important in dictating a material’s optical and electri-
cal properties when nanometer sized. Furthermore, the increase in surface
area is important to applications where the surface to volume ratio plays a
critical role such as in catalysis as well as in photovoltaics. Developments in
this area, using nanostructures, have led to increasingly efficient solar cells
such as the Gratzel cell. Finally, the concept of crystal structure and the
periodic potential due to the ordered arrangement of atoms is central to the
concept of electronic bands, which we will discuss later on.

Figure 1.1: Transmission electron micrograph of individual CdSe quantum
dots

Chapter 3 introduces the concept of length scales to put into perspective
the actual physical lengths relevant to nano. Although being nanometer
sized is often considered the essence of “nano”, the relevant physical length
scales are actually relative to the natural electron or hole length scales in the
parent bulk material. These natural length scales can either be referred to
by their deBroglie wavelength or by the exciton Bohr radius. Thus, while a
given nanometer sized object of one material may qualify for nano, a similar
sized object of another material may not.

Next the concept of quantum confinement is introduced in Chapter 6
through the simple quantum mechanical analogy of a particle in a 1 di-



mensional, 2 dimensional and 3 dimensional box. Quantum confinement is
most commonly associated with nano in the sense that bulk materials gen-
erally exhibit continuous absorption and electronic spectra. However, upon
reaching a physical length scale equivalent to or less than either the exciton
Bohr radius or deBroglie wavelength both the optical and electronic spec-
tra become discrete and more atomic-like. In the extreme case of quantum
dots, confinement occurs along all three physical dimensions, x,y,and z such
that the optical and electrical spectra become truly atomic-like. This is one
reason why quantum dots or nanocrystals are often called artificial atoms.

Analogies comparing the particle in a one dimensional box to a quantum
well, the particle in a two dimensional box to a quantum wire and the particle
in a three dimensional box to a quantum dot provide only half the solution. If
one considers that in a quantum well only one dimension is confined and that
two others are “free”, there are electronic states associated with these extra
two degrees of freedom. Likewise in the case of a quantum wire, with two
degrees of confinement, there exists one degree of freedom. So solving the
particle in a two dimensional box problem models the electronic states along
the two confined directions but does not address states associated with this
remaining degree of freedom. To gain better insight into these additional
states we introduce the concept of density of states (DOS) in Chapters
8,9,and 10. The density of states argument is subsequently applied to both
the valence band and conduction band of a material. Putting together both
valence and conduction band density of states introduces the concept of the
joint density of states (JDOS) in Chapter 11 which, in turn, is related to
the absorption coefficient of a material.

After describing the absorption spectra of 3D (bulk), 2D (quantum well),
1D (quantum wire), and 0D (quantum dot) systems we turn to the concept
of photoluminescence. Generally speaking, in addition to absorbing light,
systems will also emit light of certain frequencies. To describe this process,
the Einstein A and B coefficients and their relationships are introduced and
derived in Chapter 14. Finally, the emission spectrum of a bulk 3D material
is calculated using the derived Einstein A and B coefficients. The concept
of quantum yields and lifetimes, which describe the efficiency and timescale
of the emission, completes this section.

Bands are introduced in Chapter 15. This topic is important because
metals, semiconductors, and semi-metals all have bands due to the periodic
potential experienced by the electron in a crystal. As mentioned earlier in
the section on structure, this periodic potential occurs due to the ordered
and repeated arrangement of atoms in a crystal. Furthermore, metals, semi-
conductors, insulators, and semi-metals can all be distinguished through



6 CHAPTER 1. INTRODUCTION

Figure 1.2: Photograph of the size dependent emission spectra of both HgS
(top) and CdSe (bottom) quantum dots. Small quantum dots absorb and
emit blue/green light, larger dots absorb and emit red light.
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Figure 1.3: Cartoon of confinement along 1, 2 and 3 dimensions. Analogous
to a quantum well, quantum wire and quantum dot.

the occupation of these bands by electrons. Metals have “full” conduction
bands while semiconductors and insulators have “empty” conduction bands.
At the same time, in the case of semiconductors and insulators there is a
range of energies that cannot be populated by carriers separating the va-
lence band from the conduction band. This forbidden range of energies (a
no man’s land for electrons) is referred to as the band gap. The band gap is
extremely important for optoelectronic applications of semiconductors. For
example, the band gap will generally determine what colors of light a given
semiconductor material will absorb or emit and, in turn, will determine their
usefulness in applications such as solar energy conversion, photodetectors,
or lasing applications. An exploration of the band gap concept ultimately
touches on the effects quantum confinement has on the optical and electrical
properties of a material, which leads to the realization of a size dependent
band gap.

Introducing the concept of bands is also important for another reason
since researchers have envisioned that ordered arrays of quantum wells, or
wires, or dots, much like the arrangement of atoms in a crystal, can ulti-
mately lead to new “artificial” solids with artificial bands and corresponding
band gaps. These bands and associated gaps are formed from the delo-
calization of carriers in this new periodic potential defined by the ordered
arrangement of quantum dots, quantum wires, or quantum wells. Talk about
designer materials. Imagine artificial elements or even artificial metals, semi-
metals, and semiconductors. No wonder visionaries such as Drexler envision
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Figure 1.4: Size dependent absorption and emission spectra of colloidal CdSe
quantum dots.



so much potential in nano. In the case of quantum wells, stacks of closely
spaced wells have been grown leading to actual systems containing these
minibands. In the case of quantum dots and wires, minibands have not
been realized yet but this is not for lack of trying. The concept of creat-
ing artificial solids with tailor made bands from artificial atoms has been
tantalizing to many.

Frtast e et ed I:t L X K g
N Y it ghogiggoghoghgion
satehettessastses
N Y i ogh g

e aee e ~

Figure 1.5: TEM micrograph of an array of colloidal CdSe quantum dots
ordered into an artificial crystal. Each dark spot is an individual quantum
dot. The white space in between dots is the organic ligands passivating the
surface of the particle.

Not only do semiconductors, metals, insulators, and semi-metals absorb
and emit light, but they also have electrical properties as well. These prop-
erties are greatly affected by quantum confinement and the discreteness of
states just as with the aforementioned optical properties. Transport prop-
erties of these systems take center stage in the realm of devices where one
desires to apply quantum dots, quantum wells, and quantum wires within
opto-electronic devices such as single electron transistors. To this end, we
introduce the concept of tunneling in Chapter 17 to motivate carrier trans-
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port in nanometer-sized materials. Tunneling is a quantum mechanical effect
where carriers can have non-zero probability of being located in energetically
fobidden regions of a system. This becomes important when one considers
that the discreteness of states in confined systems may mean that there are
substantial “barriers” for carrier transport along certain physical directions
of the material.

The WKB approximation is subsequently introduced in Chapter 18 to
provide an approximate solution to Schrodinger’s equation in situations
where the potential or potential barrier for the carrier varies slowly. In
this fashion, one can repeat the same tunneling calculations as in the previ-
ous section in a faster, more general, fashion. A common result for the form
of the tunneling probablity through an arbitrary barrier is derived. This
expression is commonly seen and assumed in much of the nano literature
especially in scanning tunneling microscopy, as well as in another emerging
field called molecular electronics.

After providing a gross overview of optical, electrical and transport prop-
erties of nanostructures, we turn to three topics that begin the transition
from nanoscience to nanotechnology. Chapter 19 describes current methods
for making nanoscale materials. Techniques such as molecular beam epi-
taxy (MBE), metal-organic chemical vapor deposition (MOCVD) and col-
loidal sysnthesis are described. A brief overview of each technique is given.
Special emphasis is placed on better understanding colloidal growth models
currently being used by chemists to make better, more uniform, quantum
dots and nanorods. To this end, the classical LaMer and Dinegar growth
model is derived and explained. Relations to the behavior of an ensemble
size distribution are then discussed completing the section.

Once created, tools are needed to study as well as manipulate nanoscale
objects. Chapter 20 describes some of the classical techniques used to char-
acterize nanostructures such as transmission electron microscopy (TEM),
secondary electron microscopy (SEM), atomic force microscopy (AFM) and
scanning tunneling microscopy (STM). Newer techniques now coming into
prominence are also discussed at the end of the section. In particular, the
concepts behind dip-pen nanolithography and microcontact printing are il-
lustrated.

Finally, Chapter 21 discusses applications of quantum dots, quantum
wires, and quantum wells using examples from the current literature. Special
emphasis is placed on the Coulomb blockade and Coulomb staircase problem,
which is the basis of potential single electron transistors to be used in next
generation electronics.



Chapter 2

Structure

Crystal structure of common materials

This section is not meant to be comprehensive. The interested reader may
consult a number of excellent introductory references such as Kittel’s in-
troduction to solid state physics. The goal, however, is to illustrate the
crystal structure of common materials often encountered in the nano liter-
ature. Solids generally appear in three forms, amorphous (no long range
order, glass-like), polycrystalline (multiple domains) or crystalline (a single
extended domain with long range order). Since nano typically concerns itself
with crystalline metal nanoparticles and semiconductor nanocrystals, wires,
and wells, having a basic picture of how the elements arrange themselves in
these nanocrystalline systems is important. In this respect, crystal struc-
ture comes into play in many aspects of research, from a material’s electronic
spectra to its density and even to its powder x-ray diffraction pattern.

Atoms in a crystal are generally pictured as being arranged on an imag-
inary lattice. Individual atoms (or groups of atoms) are hung off of the
lattice, much like Christmas ornaments. These individual (or groups of)
atoms are referred to as the “basis” of the lattice. The endless repetition of
basis atom(s) on a lattice makes up the crystal. In the simplest case, the
basis consists of only a single atom and each atom is located directly over
a lattice point. However, it is also very common to see a basis consisting
of multiple atoms, which is the case when one deals with binary or even
ternary semiconductors. Here the basis atoms do not necessarily sit at the
same position as a lattice point, potentially causing some confusion when
you first look at the crystal structures of these materials.

There are 14 three dimensional Bravais lattices shown in Figure 2.1.

11
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These are also referred to as conventional unit cells (i.e. used in everyday
life) as opposed to the primitive unit cell of which only the simple cubic (aka
“primitive”) lattice qualifies. That is, most of these unit cells are not the
simplest repeating units of an extended lattice; one can find even simpler
repeating units by looking harder. Rather, these conventional cells happen
to be easy to visualize and interpret and hence are the ones most commonly
used.

E/ /
/ / // /

[ /]

/f
/

Monoclinic
Primitive Base centered

Triclinic

Orthorhombic
Primitive Base centered Body centered Face centered
I
pus % 5
Tetragonal
Hexagonal Rhombohedral
Primitive Body centered

Cubic
Primitive Body centered  Face centered

Figure 2.1: 14 3-dimensional Bravais lattices. From Ibach and Luth.

It is often useful to know the number of atoms in a unit cell. A general
counting scheme for the number of atoms per unit cell follows.

e atoms entirely inside the unit cell: worth 1

e corner atoms: worth %
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e face atoms: worth %
e edge atoms: worth %

Figure 2.2 illustrates the positions of an atom in the corner, face, edge and
interior positions. The weighting scheme follows because each of these unit
cells is surrounded by other unit cells, hence all atoms with the exception of
interior ones are shared. The corner atoms are shared by 8 unit cells while
the face atoms are shared by 2 cells and finally the edge atoms by four. Any
atom in the interior of a unit cell is exclusive to that cell. This is illustrated
in Figure 2.3. By counting atoms in this fashion, one can determine the
number of atoms per unit cell.

Single element crystals

In the case of metals, the cubic lattices are important, with particular em-
phasis on the face centered cubic (FCC) and body centered cubic (BCC)
structures. Both FCC and BCC structures have a single atom basis; thus,
they strongly resemble the Bravais lattices or conventional unit cells seen in
the previous diagram. The number of atoms per unit cell in the FCC case
is 4 (8 corner atoms and 6 face atoms). Likewise, the number of atoms per
BCC unit cell, using the above counting scheme, is 2 (1 interior atom and
8 corner atoms). Note that an alternative name exists for the FCC unit
cell: cubic close packed (CCP), which should be remembered when reading
the literature. Both unit cells are shown in Figures 2.15 and 2.5. Typical
elements that crystallize in the FCC structure include: Cu, Ag, Au, Ni, Pd,
Pt, and Al. Typical elements that crystallize in the BCC structure include:
Fe, Cr, V, Nb, Ta, W and Mo. More complete tables can be found in Kittel.

Analogous to the FCC lattice is the hexagonal close packed (HCP) struc-
ture. A simple way to differentiate the two is the atomic packing order,
which follows ABCABC in the case of FCC and ABABA in the case of HCP
in the j001; and j0001; directions respectively. The letters A, B, and C
etc...represent different atom planes. The HCP structure has a conven-
tional unit cell shown in Figure 2.6. It contains 2 atoms per unit cell (8 on
the corners and 1 inside).

Another conventional unit cell that is often encountered is called the
“diamond” structure. The diamond structure differs from its FCC and BCC
counterparts because it has a multi atom basis. Therefore, it does not
immediately resemble any of the 14 Bravais lattices. In fact, the diamond
structure has a FCC lattice with a two atom basis. The first atom is at

(0,0,0) and the second atom is at (%, }T’ %1) It is adopted by elements that
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Figure 2.2: Number of atoms per unit cell. Counting scheme.
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Figure 2.3: Cartoon showing sharing of atoms by multiple unit cells.
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Figure 2.4: FCC unit cell

Figure 2.5: BCC unit cell
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Figure 2.6: Hexagonal unit cell.

have a tendency to form strong covalent bonds, resulting in tetrahedral
bonding arrangements (Figure 2.7). The number of atoms per unit cell
in this case is 8 (8 corner atoms, 4 interior atoms, 6 face atoms). Some
common elements that crystallize in the diamond structure include: C, Si,
Ge and Sn. As a side note, one way to visualize the diamond unit cell is
to picture two interpenetrating FCC lattices, offset from each other by a

(}I, }I, i) displacement.

Summary, diamond
e lattice:FCC
e basis atom 1: (0,0,0)

e basis atom 2: (}1, }I’ }1)

Compound crystals

In the case of binary compounds, such as III-V and II-V semiconductors,
things get a little more complicated. One doesn’t have the benefit of con-
ventional unit cells that resemble any of the 14 standard Bravais lattices.
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= I

=

Figure 2.7: Diamond structure unit cell

Instead these conventional unit cells often have names such as the “NaCl”
structure or the “ZnS” structure and so forth. This is because, unlike simple
FCC or BCC metals, we no longer have a single atom basis, but rather a
basis consisting of multiple atoms as well as a basis made up of different
elements.

Common crystal lattices for semiconductors include the “ZnS”, “NaCl”
and “CsCl” lattices.

The ZnS, also called zinc blende (ZB) or sphalerite, structure can be
visualized as two interpenetrating FCC lattices offset by (}I, }Iv 711) in Figure
2.8. It is identical to the diamond structure we saw in the case of single
element crystals. The only real difference is that now we have two elements
making up the atom basis of the unit cell. The underlying lattice is FCC.
The two atom, two element basis has positions of elementl (0,0,0) and
element2 (}Iv i, %1) Using the above counting scheme we find that there are
8 atoms per unit cell. This is further subdivided into 4 atoms of element 1,
and 4 atoms of element 2. You will notice in the figure that the 4 atoms of
one element are completely inside the unit cell and that the atoms of the

other element are arranged as 8 corner and 6 face atoms.



19

Summary, ZnS

e lattice: FCC
e basis, element 1 (0,0,0)

e basis, element 2 (}I’ i, 411)

o X 2 ?

T

Figure 2.8: Zincblende or ZnS structure unit cell.

The NaCl structure (also called rocksalt structure) can be visualized
as 2 interpenetrating FCC lattices offset by (%,0,0) in Figure 2.9. The
underlying lattice is FCC. The two element, two atom basis has locations
of elementl (0,0,0) and element2 (%, %,%) It has 8 atoms per unit cell.
This is broken up into 4 atoms from element 1 and 4 atoms from element 2.
One can see in the figure that for element 1 there are 8 corner atoms and
6 face atoms. For element 2 there are 12 edge atoms and 1 interior atom.
Examples of materials that crystallize in this structure include PbS, PbSe,

and PbTe.

Summary, NaCl
e lattice: FCC

e basis, element 1 (0,0,0)
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e basis, element 2 (%, %, %)

Figure 2.9: NaCl structure unit cell.

The CsCl structure is the compound material version of the single el-
ement BCC unit cell. It is shown in Figure 2.10 where one can see that
there are two elements present with one of them being the center atom. The
atoms from the other element take up corner positions in the unit cell. The
underlying lattice is simple cubic and the two atom, two element basis is
element 1 at (0,0,0) and element 2 at (%, %, %) The CsCl has two atoms
per unit cell, 1 from each element. Examples of materials that crystallize in
this structure include, CsCl and CuZn.

Summary, CsCl
e lattice: SC

e basis, element 1 (0,0,0)

e basis, element 2 (%, %, %)

The wurtzite crystal structure is the compound material version of the
single element HCP structure. It has a multi atom basis. The underlying
lattice is hexagonal. The two element, two atom basis is element 1 (0,0, 0)
and element 2 (%, %, %) The unit cell is shown in Figure 2.11 and contains
4 atoms per unit cell, 2 atoms from element 1 and 2 atoms from element
2. Examples of materials that crystallize in this structure include CdSe and

GaN.
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Figure 2.10: CsCl structure unit cell.

Summary, wurtzite

e lattice: hexagonal
e basis, element 1 (0,0,0)

e basis, element 2 (?—’, %, %)

Miller indices

Sometimes you will see the orientation of a crystal plane described by (001)
and so forth. These numbers are referred to as Miller indices. They are
generated using some simple rules described below.

e Take the desired plane and see where it intersects each x, y, z axis
in multiples of the lattice constant. For the case of cubic lattices the
lattice constant, a, is the same in all x, y, and z directions.

e Next take the reciprocal of each intersection point and reduce the three
values to their lowest integer values. (i.e. divide out any common
integer)

e Express the plane through these integers in parentheses as (abc)
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e——a —>

Figure 2.11: Wurtzite unit cell.

e Should the plane not intersect an axis, say the z axis, just write a 0.
For example (ab0)

e If the intercept is in the negative side of an axis, say the y axis, just

put a bar over the number, for example (abc).

Miller notation
e (hkl) =crystal plane
e {hkl} =equivalent planes
e [hkl] =crystal direction

e < hkl >=equivalent directions

Examples are illustrated in Figures 2.12 and 2.13.
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Figure 2.12: Examples of using Miller indices.
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Short tables of common metals and semiconductors are provided below with

their standard crystal structure.

Common Metals

Table 2.1: Common metals

1 11 nm 1w v VI
B C N
Al Si P S
Cu Zn Ga Ge As Se
Ag Cd In Sn  Sb Te
Au Hg TI Pb Bi Po

e Ag=FCC [cubic] (alternatively called cubic closest packed)

e Au=FCC [cubic]| (alternatively called cubic closest packed)

Common Semiconductors

Group IV

Table 2.2: Group IV semiconductors

1 11 I 1v vV VI
B C N
Al Si P S
Cu Zn Ga Ge As Se
Ag Cd In Sn  Sb Te
Au Hg TI Pb Bi Po

e Si=diamond structure

e Ge=diamond structure

III1-v

e GaN=ZB [cubic] (alternatively called ZnS structure)
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Table 2.3: Group III-V semiconductors

1 11 I 1v A% VI
B C N
Al Si P S
Cu Zn Ga Ge As Se
Ag Cd In Sn Sb Te
Au Hg TI Pb Bi Po

o GaAs=7B [cubic] (alternatively called ZnS structure)
e InP=7B [cubic] (alternatively called ZnS structure)

e InAs=7B [cubic]| (alternatively called Zn$ structure)

II-VI

Table 2.4: Group II-VI semiconductors

1 11 Im 1v. v VI
B C N
Al Si P S
Cu Zn Ga Ge As Se
Ag Cd In Sn  Sb Te
Au Hg TI Pb Bi Po

e ZnS=7B [cubic]

ZnSe=ZB [cubic]
e CdS=ZB [cubic]
e CdSe=wurtzite [hexagonal]
e CdTe=ZB [cubic]
IV-VI
e PbS=NaCl structure (alternatively called rocksalt)
e PbSe=NaCl structure (alternatively called rocksalt)

e PbTe=NaCl structure (alternatively called rocksalt)



Table 2.5: Group IV-VI semiconductors

1 11 I 1v vV VI
B C N
Al Si P S
Cu Zn Ga Ge As Se
Ag Cd In Sn  Sb Te
Au Hg TI Pb Bi Po

Packing fraction
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Supposing atoms to be rigid spheres, what fraction of space is filled by atoms

in the primitive cubic and fcc lattices. Assume that the spheres touch.

Simple cubic

Determine the packing fraction of the simple cubic lattice.

‘/;phere =

r=a
2

where

‘/;phere

Also there is only 1 sphere in the
shared by 8 other neighboring cubes.

Next the volume of the cube is

V::ube =a

so that the ratio of volumes is

Ratio

The desired simple cubic packing fraction is

3

3

—Tr

3

3

ma

6
a3

™

6

Ratios. = 0.524

cube. Recall that each corner sphere is
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Figure 2.14: simple cubic.



FCC
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Determine the packing fraction of the fcc lattice

62

This results in

The volume of a single sphere is

‘/sphere

a® 4 a?
2a?
V2a
4r

Next we calculate how many spheres are in the cube. In the fcc lattice there
are 8 corner spheres and 6 face spheres. The calculation is

e Corner: & (%) =1

e Face: 6(%) =3

The total number of spheres in the cube is therefore 4. The total volume of

the spheres in the cube is therefore

Vspheretotal = 4Vsphere

The volume of the cube is simply

chube =a

V2r
24

()

3
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The desired ratio of volumes is then

N
3
gQJ

(=]

Ratio =

w

Vs

= —
6
= 0.741

The packing fraction of the fcc lattice is

| Ratioge, = 0.741 | (2.2)

T\,
N

—

B
¢ %27

a

Figure 2.15: FCC.

Surface to volume ratio

Here we show that the surface to volume ratio of a number of systems scales
as an inverse power law. Smaller sizes translate to larger surface to volume

ratios.



Cube

Surface area

S = 6a>
where a is the radius.
Volume
V=a>
Surface to volume ratio
r.S _ 6
\% a3
_ 5
a
Sphere
Surface area
S = 4ra?
Volume of sphere
4
V = —ra®
37m
Surface to volume ratio
R S _ Zlmzz
V 371'0/3
3
a
Cylinder
Surface area of cylinder
S = 2mal

Volume of cylinder

V = ma?l

31
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Surface to volume ratio

2mal
R = —_—
ma?l

2

= — (2.3)

a

5
v

In all cases, the surface to volume ratio follows an inverse power law.
But the bottom line is that as the size of the system decreases, the fraction
of atoms on the surface will increase. This is both good and bad. In one
case illustrated below it can lead to more efficient catalysts. However in
other cases, such as in the optical microscopy of nanostructures it can be
a bad thing because of defects at the surface which quench the emission of
the sample.

Why, surface to volume ratio?

Since surfaces are useful for things such as catalysis, there is often an in-
centive to make nanostructured materils in the hopes that the increase in
surface to volume ratio will lead to more catalytic activity. To illustrate
consider the following example. Start with a 1 cm radius sphere. Calculate
the surface area. Next, consider a collection of 1nm radius spheres that will
have the same total volume as the original sphere. What is the total surface
area of these little spheres. How does it compare?
The surface of the large sphere is

Slarge = 4ma?
= dmem?
The volume of the large sphere is
4
‘/lm‘ge = §7Ta3
4
= —mem?
3

Next, how many little spheres do I need to make up the same volume.

4
Viittle = §7T(1077)3

4
— §7T10721
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The ratio of the large to small sphere volumes is

4

Warge o 37
Viittie ar10-2
= 10*

Next the surface area of an individual little sphere is

Slittle = 477(10_7)2

= 4710 Hem?
Multiply this by 10?! to get the total surface area,

Viittletot = 4m10~ 10

= 47107 em?

So finally, before we had a total surface area of 4rem?. Now we have

107 times more surface area with the little spheres.

Exercises

1. The lattice constant of Si is 5.43 A. Calculate the number of silicon
atoms in a cubic centimeter.

2. Calculate the number of Ga atoms per cubic centimeter in a GaAs
crystal. The lattice constant of GaAs is 5.65 A. Do the same for As
atoms.

3. Consider an actual silicon device on a wafer with physical dimensions
of 5 x 5 x 1 microns. Calculate the total number of atoms in the
device.

4. Consider a slightly larger GaAs laser on the same wafer. Its dimensions
are 100 x 100 x 20 microns. How many total atoms exist on this device.

5. Calculate the number of atoms in a 1.4 nm diameter Pt nanoparticle
using the total number of unit cells present. Consider a FCC unit cell
with a lattice constant of ¢ = 0.391 nm.

6. Calculate the number of atoms in a 1.4 nm diameter Pt nanoparticle
using the bulk density of Pt. Consider p = 21.5g/cm?.
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10.

11.

12.

13.

CHAPTER 2. STRUCTURE

Estimate the number of surface atoms and percentage of surface atoms
in a 1.4 nm diameter Pt nanoparticle. One can calculate this through
a unit cell approach but use whatever approach you like.

Cobalt is usually found with a hexagonal crystal structure. It was
recently found to crystallize with a simple cubic structure, now called
e-cobalt. The lattice constant of e-cobalt is a = 6.097A. The density
is p = 8.635g/cm3. The unit cell contains 20 atoms. Calculate the
number of atoms in a 2 nm diameter nanocrystal through a unit cell
argument.

Calculate the number of atoms in a 2 nm diamter e-cobalt nanocrystal
through a density argument. Use p = 8.635g/cm3.

Calculate the number of surface atoms and percentage of surface atoms
in a 2 nm diameter e-cobalt particle.

CdSe has a hexagonal unit cell (unit cell volume ~ 11243). The lattice
constants are a = 4.34 and ¢ = 7TA. Calculate the total number of
atoms in a CdSe quantum dot for a: 1, 2, 3, 4, 5, 6 nm diameter
particle. How many atoms of each element are there?

For the same CdSe dots considered, calculate the fraction of surface
atoms in each case and plot this on a graph.

Draw the surface of a Ag crystal cut along the (111) and (100) plane.
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Chapter 3

Length scales

What are the relevant length scales for nano? Well, I guess it depends on
who you talk to. On one hand some people call nano anything smaller than
stuff on the micro level. This could mean delaing with stuff on the hundreds
of nm scale. But as Uzi Landman once said, this is pretty high on the
chutzpa scale. Now others will tell you that nano is for extremely small
things like molecules and such. But isn’t this just traditional chemistry or
even biology? After all chemists, biologists and physicists have been dealing
with small things for a pretty long time even before the development of
instruments such as transmission electron micrographs. This is the opposite
extreme-calling traditional chemistry, physics and biology, nano to put a
new spin on things.

One useful perspective on a definition for the appropriate lengths scales
for nano is a regime where the chemical, physical, optical and electrical prop-
erties of matter all become size and shape dependent. For semiconducting
materials this is given by the bulk exciton Bohr radius. We will describe
excitons (electron hole pairs) in more detail shortly, but for now just picture
the classic Bohr model of electrons circling a heavy nucleus in stable orbits.

DeBroglie wavelength

So what is the deBroglie wavelength? Well this arose within the context of
a classic debate about the true nature of light back in the old days. Was
light a wave or was it a stream of particles? On one side you had Huygens
who thought it was a wave. Then on the other side you had Newton who
thought it was a stream of particles. Tastes great, less filling anyone?

So to make a long story short, deBroglie comes along later and says
“both”. This was his Ph.D thesis for which he got the Nobel prize in 1929.

37
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But deBroglie’s claim actually goes beyond light because what it really says
is that matter (whether it be you, me, a baseball, a car, a plane, an atom, an
electron, a quantum dot or a nanowire—all of these things have both wave-
like and particle-like properties). The wave-like properties of matter become
important when you deal with small things so although macroscopic objects
have wave-like properties they are better described by Newton’s laws. We
will mostly deal with electrons from here on out.

Therefore according to deBroglie associated with each object is a wave-
length.

A= — 3.1

p (3.1)

where ) is the deBroglie wavelength, h is Plank’s constant (6.62 x 10734 - )
and p = mw is the momentum with m as the mass.

DeBroglie wavelength and exciton Bohr radius

Here we derive the relationship between the deBroglie wavelength and the
exciton Bohr radius. The reason we do this is that often in the literature
one sees a statement that a nanomaterial is in the “quantum confinement”
regime because its size is smaller than the corresponding deBroglie wave-
length of an electron or hole. At other times one sees the statement that
a nanomaterial is quantum confined because its size is smaller than the
corresponding exciton Bohr radius. We ask if these are the same statement.

In this section we show that the two are related and that, in fact, both
statements essentially say the same thing.

Textbook Bohr radius

Here is the textbook equation for the Bohr radius of an electron

ap = —47;;232 (3.2)

where ¢y = 8.85x 10712 F/m (permittivity), h = 1.054 x 10734 J . s (Planck’s
constant over 27), m, = 9.11 x 1073! kg (mass of a free electron) and
q = 1.602 x 107 C (charge). If you plug all the numbers in and do the
math you come up with the result

ap = 5.28 x 10" meters
= 0.528 Angstroms (3.3)
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This is the standard Bohr radius one sees all the time.

Derivation

Basically we need to equate the centrifugal force of a carrier with the
Coulomb attractive (inward) force.

mu? P

= 3.4
r 4dmeqr? (3-4)

Here we make use of the relation

217 = n)\ | (3.5)

where n is an integer. Namely, that an integer number of wavelengths must
“fit” into the circumference of the classic Bohr orbit. The deBroglie relation
comes in by relating the wavelength A = ’1—2 where h is Planck’s constant
and p is the momentum of the particle (p = mv). Starting with the above
equation we rearrange it to get

_ 2qr h h

)\_—:—:—

n p mv
Solve for v to get (express v in terms of r)

nh nh
v = = —
2mmr mr

Replace this into the main equation (3.3)

n2 h2 B q2

mr  4we

Rearrange this to get

dmegn?h?

mq?

If n =1 (the lowest orbit) this gives us the Bohr radius

B Amegh?

ag
mq?
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which is the standard textbook equation we showed earlier.

At this point we note that if the electron or carrier is not in vacuum the
equation should be modified to take into account the dielectric constant of
the medium. (Instead of € replace it with eeg).

ap = Az (3.6)

This is because if you are not in vacuum which you aren’t in a solid,
liquid or gas, then one must account for possible extra charges or dipoles
that can move to oppose the electric field that one establishes between the
original two oppositely charged species. Any mobile charges or dipoles in
the system will move or re-orient to oppose the field, trying to cancel it out.
The net effect is that the original electric field as well as Coulomb potential
are diminished by the response of the material. The factor by which it is
diminished is the relative dielectric constant, denoted commonly as e.

Furthermore, for the case of an exciton (electron hole pair) in a semicon-
ductor just replace the mass of the electron with the effective mass of the
exciton.

1T (3.7)

Meff Mme mp

where m, and my, are the effective masses of electron and hole in the mate-
rial.

Note that equation 3.4 basically gives the relation between the deBroglie
wavelength and the exciton Bohr radius. So, in effect, our initial statements
about confinement dealing with either the exciton Bohr radius or deBroglie
wavelength are essentially one and the same. The deBroglie wavelength or
exciton Bohr radius are therefore natural length scales by which to compare
the physical size of a nanomaterial. In general objects with dimensions
smaller than these natural length scales will exhibit quantum confinement
effects. This will be discussed in more detail in subsequent chapters.

Examples

Here are some values for some common systems where I've taken values
of the relative dielectric constant, electron and hole effective masses from
the literature. One can derive the exciton Bohr radius of these systems,
using the values below, in a straightforward fashion. This list is not meant
to be comprehensive and the interested reader should consult the Landolt
Bornstein tables for more complete values.



e GaAs:
me = 0.067my
mp = 0.45m0
e=124

o InAs:
me = 0.02mg
mp = 0.4m0
€e=14.5

e InP:
me = 0.07myg
mp = 0.4m0
e=14

e CdS:
me = 0.2my
mp = 0.7m0
e =238.6

e CdSe:
me = 0.13mg
mp = 0.45my
€e=94

Worked example
Case: (GaAs)

11 1
Meff Me mp
1 1
= +
0.067m0 0.45m0

leading to the effective mass

Meff = 0.058m0
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Arregeh?
0.058mgq?
47(8.85 x 10712)(12.4)(1.054 x 10734)2

(0.058)(9.11 X 10*31)(1.602 X 10*19)2
= 11.3 nm

ap

Exciton Bohr radius for GaAs.
Case: (CdSe)

1 1 1

e me T
1 n 1
0.13mg  0.45myg

leading to the effective mass

Meff = 0.1m0

Amegeh?
0.058moq?
47(8.85 x 10712)(9.4)(1.054 x 10734)2

(0.1)(9.11 x 10—31)(1.602 x 10—19)2
= 4.97 nm

ap

Exciton Bohr radius for CdSe.

So in the end you can see that because of the variable relative dielectric
constant and effective masses of carriers in a semiconductor there will be
various exciton Bohr radii. Now finally let’s put things into perspective.
Consider the case of GaAs. We just found that the bulk exciton Bohr
radius was ap = 11.3nm. The lattice constant of GaAs which crystallizes
in the zinc blende form is a = 5.65A. Thus the radius of the electron orbit
is about 20 unit cells away from the counterpart hole. You can see that in
semiconductors the electron can move very far away from its counterpart
due to the screening effect of the material.
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Exercises

1
2
3
4

. What is the wavelength of a 1 eV photon?
. What is the wavelength of a 2 eV photon?
. What is the wavelength of a 3 eV photon?

. What is your deBroglie wavelength (what’s your weight in kg?) when
moving at 10 m/s?

. What is the deBroglie wavelength of a baseball (0.15 kg) moving at 50
m/s?

. What is the deBroglie wavelength of Cgp moving at 220 m/s? Read
the corresponding article if you are interested. Arndt et. al. Nature
401, 680 (1999).

. Calculate the exciton Bohr radius for the following semiconductors. If
needed use values for what is called the heavy hole. Consult a good
resource such as Landolt Bornstein.

II-VI compounds
CdSs

CdSe

CdTe

III-V compounds
InP

InAs

IV-VI compounds
PbS

PbSe

PbTe

. Explain what the size of the exciton Bohr radius means for achieving
quantum confinment. What systems are easiest for achieving confine-
ment.
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Chapter 4

Excitons

Excitons are bound electron-hole pairs caused by the absorption of a photon
in a semiconductor. Specifically, we have an electron in the conduction band
of the semiconductor and a hole in the valence band of the semiconductor.
Excitons are potentially mobile and are charge neutral. There are two types
of excitons, Mott-Wannier excitons and Frenkel excitons, distinguished by
how close the electron and hole are. Mott-Wannier excitons have weak
electron-hole interactions caused by a small Coulomb attraction and hence
the carriers are relatively far apart. Corresponding binding energies are on
the order of 10meV. By contrast, Frenkel excitons have strong Coulomb
interactions between the electron and hole. The carriers are close togther.
Corresponding binding energies are on the order of 100meV .

The excitons most commonly dealt with in semiconductors is the Mott-
Wanner exciton due to the large relative dielectric constant of most bulk
semiconductors. Frenkel excitons are commonly seen in organic semicon-
ductors.

Excitons can be seen in the absorption spectrum of bulk semiconductors.
They generally appear just below the band edge of the semiconductor. This
is because the energy of the exciton is lower than the band edge transition by
its binding energy. Namely, the exciton energy Fe,. = E4 — Eping where E;
is the bulk band gap of the semiconductor (analogous to the HOMO-LUMO
gap in molecular systems) and Ep;,q is the exciton binding energy that we
will derive shortly.
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Exciton Bohr radius and binding energies

From the previous chapter we know that the Bohr radius of the electron-hole
pair is
Aee h?
ap=——5—
Hq
where p is the exciton reduced mass (i used m last time, sorry for the
notation change).

Usually folks like to write the exciton Bohr radius in terms of the stan-
dard textbook Bohr radius for the electron, a,. Recall that

B Arre h?

Ao =

moq2
Therefore the bulk exciton Bohr radius can be re-written as

dme h? em,
ap = 5
moq w

where € is the relative dielectric constant of the semiconductor and u is the
reduced mass of the exciton. This gives

ap = (”;) o (4.1)

where a, is everyone’s favorite textbook Bohr radius (a, = 0.5284). This is
a more convenient way to go about calculating the exciton Bohr radius of
something.

Note that we have omitted something pretty important. In real life the
relative dielectric constant, €, is frequency dependent. It isn’t readily appar-
ent which € to use in the above expressions since there is the static dielectric
constant, the high frequency dielectric constant €, and anything inbetween.
Generally speaking, use the dielectric constant at the same frequency corre-
sponding to the energy required to create the exciton.

Next we want the energy of the exciton. The total energy of the exciton
relative to its ionization limit is the difference between its kinetic energy and
its Coulomb (attractive) potential energy.

2

_ 1 2 q
€tot — =MV —
2 dmee,r
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Since we previously saw in deriving the Bohr radius that

muv> e
r Amee,r?
2
2 q
mu° =
4mee,r

so that

1/ ¢ ¢
ot = % <47r660r> B <47T660r>
_ (e
2 <47T660r>

But recall that we just found that in a bound exciton

Amee hPn?
r=ap=-—p5—
2]

Note that many times you will see the exciton Bohr radius written as ax.
Same thing.
Then we get our desired energy

4
€tot = _% ((47‘(‘56(1)2712) ?12 (42)

Again, you will often see this expressed in many texts in terms of the
Rydberg and the exciton Rydberg (Rx). To express this like everyone else

1/ moq’ po) 1
€tot = — = —
tot 2 \ (4me,)2h2 ) \ €2m, ) n?

Now recognize that the first term in the expression is our textbook Rydberg

R= % (L’f) which refers to an energy of 13.6 eV. So we now have

(47e,)2R2
_ poy L
ot = —R (62m0> n?

Next define the exciton Rydberg as the product Rx = R (3%) to get the
desired textbook expression

€0t = — (4.3)

n




49

Check me

You can check that indeed the Rydberg is correctly defined. Start with our
above definition and simplify it a little to get

4
Moq

 8e2h2

Numerically we have

(9.11 x 10731)(1.602 x 10719)4

R=
8(8.85 x 10-12)2(6.62 x 10-34)2

all in SI units. Evaluate this to get
R=2185x 10718
The units are Joules. If so then divide this by 1.602 x 1071? J/eV to get
R =13.6eV

So we did things right.
In terms of units to prove that the last number was really in units of
joules we have

4

72 .
m2J%s?

_ kgm? ct
- 52 252

jc!
j2F2

C4

jﬁ
V2

je?

. c
sincelF = —
|4

AV

J

J
sincej = cv

=7
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Ok, the units work out. Great.

Finally we want the binding energy of the exciton. This is the difference
in energy between the electron-hole pair in a given orbit (say n = 1) and
being at an infinite separation (n = co). If

_ poy
€tot = —R (e2mo> 2

then €ping = €00 — €n=1 giving

n 1 1
o — _R -
o= () (- 3)

For the lowest orbit this gives

€bind = R (62’;) (4.4)
In general
4
€bind = 2(47:250)2h? (512_) (45)

Exciton Schrodinger equation

Excitons can be described as quasi particles and hence there is a quantum
mechanical description for their energies and wavefunctions. We begin with
the Hamiltonian for two independent particles (an electron and a hole) cou-
pled by a common Coulomb term and then re-express the equation into one
for the bound exciton.
In one dimension we have
{ R d*> R &P e?

- - YU, =T U
2me d.%'z 2my, dl’% 47T€€O(7“e—7“h):| TR

More generally however we have

[ W e e?

VZ

— U v, =¥l U
omy, " 47reeo(re—rh)} eXh = FeTh

B 2me

To begin converting this into an exciton picture let

R — MeTe mpTh

Me +mp  Me +my,
MeTe mpTh

M M




— MeTe MhTh
R= M + M

o1

(4.6)

where M = m, + my, is the total mass of the exciton. This is the center of

mass coordinate. Next let
r="T.—Tp ‘

be the relative electron hole coordinate.
It can be shown that

re =R+ L=

where 1 = ¢ Meh - ig the reduced mass.

Me +mh)

“Proof”, First expression

re = R+ —

M M M M

“Proof”’, Second expression

T
rn, = R— N_
mp
_ mere mhrh memh (7" r )
= - —Th
M M Mmy, * ¢
MeTe mpTh MeTe MeTh
M M M M
mpTh MeTh

M M

. Me + My, .
= 7M h

= ’r‘h

(4.7)
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By the chain rule we can now re-express V. and Vj, as follows since both
re and 7y, are seen to depend on both r and R.

First expression

0 0 or . 9 OR
Ore drdre ' OROre

- S ()

R NCE

3
I
I

yielding
Ve - VT + %VR (410)
Second expression
v, — o 9 or n 0 OR
"T O, — ordr,  OROr,
0 0 /my
= 5D+ 55 (57)
_ _9  m 9
N or M OR
yielding
V=V, +3+Vg (4.11)

Put everything together now

Back to our original expression

2 2 2
I N e

2m. ¢ 2my Admeen(re — 1)

Wiot = €Wiot
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where we will flip this Hamiltonian to something in terms of » and R only.

o (v + i) (V. + i)

2
—2% (—Vr +

62

mp

V) (9 57 n)

- Wiot = €Wiot
dmee,r

h?
[— (v;% Mo, v+ e A +(

2me

Mme

M
h2 2 mp mp mp 2 2
ST (v TLY, Yk~ SEVRY, + (M) v2,

62

Viot = €W
dmee,r

2 2 2 2
[<_2}}ne a 2%) Vit <_27:ne (%)QV% a 2% (%fv%)

h? h?

Me Me
_Qme (M) VrVR 2me (M) VRVr
h2 mp, h2 mp
T (M)V VRY 5 (M)VRV
2
—4 } Uiot = €Wt
TEELT
_h_2 L—FL V%_h_Q mev2R+mhv2R
2 \me my 2M M M
h? h? h? h?
—erVR - WVRVT + WVTVR + WVRVT
2
_4 :| Wiot = €Wiot
TEELT
2 2 2
_Mvg _ h v2 _ |, =,
2memy, 4mee,r

|:_ h2 N h2 ) 62

5V T aar VR 47T6€0T:| U(r)U(R) = eV(r)¥(R)
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Since this is a separable problem, let € = eq + €¢1 giving

[—h—QVQ s €

_ - — U(r)U(R)=0
2H r oM R Areeyr €cm 61ﬂel:| (7") ( )

n?_, e? n? _,
|:<_2_,U,VT — Aeer — 6,«61> + <—va — 60m>:| \I/(T)\I/(R) = 0

K2 , K2
—U(R)—V2U(r) — € U(r)U(R) — ¥(r) =—V%U(R) — €, ¥(r)U(R) =0
2u 2M
where ¢ = Treer — €ret- Next, divide by W(r)¥(R) to get
- ~“V2U(r)—€ — ————VZU(R) — € =0
Ty o) e~ gy VRV ) e

This gives you two separate equations. One which depends only on r(left
one) and one which depends only on R (right one). So you get the two
separate equations for the exciton relative motion and the center of mass
motion. Both are solved independently. Solve for the eigenvalues of the
relative expression to get the energies of the bound electron-hole pair.

[—%V% — 471‘662607‘] \I’("") = 6rel\:[](r) (412)
|~ 257 VE] W(R) = ecn¥(R) (4.13)

Exercises

1. Provide a value for the thermal energy, kT, in units of meV at these
temperatures, 300K, 77K, 10K and 4K. Low temperature experiments
are commonly conducted at 4K and 77K. Any suggestions as to why?

2. GaAs has a zinc blende crystal structure with a lattice constant of a =
0.56nm, a dielectric constant of e = 12.8, and electron/hole effective
masses of m, = 0.067m, and my, = 0.2m,. Provide the following: (a)
the bulk exciton Bohr radius of this material. (b) the number of unit
cells contained within the lowest exciton orbit n = 1. (c¢) The highest
temperature at which stable excitons are observable.
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Confinement regimes

At the heart of the binding energy is the Coulomb attraction between the
oppositely charged electron and hole. Recall that this Coulomb term is pro-
portional to % Now it will be shown that the confinement energy associated
with either the electron or hole is proportional to 7% Its clear that the latter
term will grow faster than the former when the size of a material becomes
small. So in bulk materials, the Coulomb term and associated exciton is
important. By contrast, in nanomaterials the exciton begins to experience
competition from the “confinement” of individual electrons and holes.

There are three size (confinement) regimes that one must consider in
real life. They are referred to as the strong, intermediate and weak confine-
ment regimes. More about confinement will be illustrated in the following
chapters. However, for now note that life isn’t all that simple.

e Strong confinement: a < QUB,e; 4Bk
e Intermediate confinement: a Bh < a<ape

e Weak confinement: a > ap.,apy

Weak confinement

In this case a > ape,apy. As a consequence the binding energy of the
exciton is larger than the individual confinement energies of the electron
and hole. This is definitely the case with bulk materials and with “large”
nano scale materials. The energy of optical transitions here is basically the
band gap energy minus the exciton binding energy.

Intermediate confinement

In this case we have the physical radius of the material smaller than one

carrier’s individual Bohr radius but larger than the individual Bohr radius

of the other carrier. Because the effective mass of the electron is smaller than

the effective mass of the hole, one often sees the criteria, apj < a < apg.
We have

dmee,h?
aBe = 2
meq
Aree,h?
aphp = —5

mpq
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Strong confinement

This is commonly seen in small nanomaterials. Here the physical size of
the system is smaller than both individual Bohr radii of the electron and
hole, a < ape,ap . In this regime the optical properties of the material are
dominated by quantum confinement effects of the electron and hole. This
will be seen in the following Chapters.

Exercises

1. For InP which has the following parameters, m. = 0.077m,, m; =
0.2m, and € = 12.4, what are the individual Bohr radii of the electron
and hole. Provide physical size ranges for this material to be in the
strong, intermediate and weak confinement regimes.

2. For CdSe which has the following parameters, me = 0.13m,, my =
0.45m, and € = 9.4, what are the individual Bohr radii of the electron
and hole. Provide physical size ranges for this material to be in the
strong, intermediate and weak confinement regimes.



Chapter 5

Quantum mechanics review

Wavefunctions and such

Given the deBroglie wave-particle duality it turns out that we can math-
ematically express a particle like a wave using a “wavefunction” (usually
denoted ¥). This wavefunction replaces the classical concept of a trajectory
and contains all the dynamical information about a system that you can
know. Usually much of the work we will do here will be to find out what
this wavefunction looks like given certain constraints on the system (called
boundary conditions).

There is a probabilistic interpretation of the wavefunction called the
Born interpretation. In this respect

|W|2 = U*V is considered as a probability density
|W|2dz = U*Wdz is considered as a probability

Through these quantities one can determine the probability that the particle
is somewhere. Note that from a physical perspective only |¥|? has some
physical significance. ¥ can be real or imaginary or negative but |¥|? will
be real and positive.

One consequence of the probabilistic interpretation of the wavefunction
is that the wavefunction must be normalized.

/]\Illzdac =1

This is because the probability of finding the particle somewhere must be
unity. So generally you will see that in front of ¥(x,t) will be a constant
N which ensures normalization is met. Physical particles therefore have

o7
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normalizable wavefunctions, non-physical ones have wavefunctions that are
not normalizable.

There are some important mathematical properties (or mathematical
constraints) of the wavefunction described as follows

e U must be “well behaved” in general

e U must be finite (it does not blow up or show singularities. This con-
straint of course is related to being able to normalize the wavefunction.
Can’t do it if it goes nuts.)

¥ must be single valued. Obviously it doesn’t make sense to have
multiple probabilities at a given position.

¥ must be continuous.

e U must have a first derivative (related to previous statement)

e U must have a second derivative (related to previous, previous state-
ment)

¥ must be integrable and hence normalizable (basically a consequence
of 1 and 2)

Other properties to remember include
e normalization [ |¥|?dz =1

e orthogonality f U1Wsdxr = 0. Thus these two wavefunctions ¥, and
WUy have no mutual spatial overlap.

Observables

All dynamical information about the particle or system is contained in the
wavefunction. This includes observables such as

e position
e momentum
e angular momentum

e energy
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So while the wavefunction itself is not a measurable quantity, these observ-
ables are in principle.

In quantum mechanics, just like the particle is represented by a mathe-
matical wavefunction, observables are represented by mathematical ”opera-
tors”.

An operator will act on a wavefunction to transform it into another

function. Some examples of operators include
e z (multiply by x)
. 8—‘1 (take the partial derivative with respect to x)
P

. (take the partial derivative with respect to time)

ot
You will sometimes see operators denoted by a little hat on top of it. For
example

e I = x operator (multiply by x)
e { = y operator (multiply by y)

e and so forth

Correspondence principle

In quantum mechanics all physical observables have corresponding opera-
tors. Two fundamental operators are the position operator £ and the mo-
mentum operator p.

e position operator, £ = x. read as multiply by x
e momentum operator, p = —ihV = —iha% (read as take the derivative
with respect to x and multiply by —ih)

All other operators can be constructured from combinations of these two
fundamental operators. For example, for the kinetic energy operator (used
to extract out the energy of the particle through its wavefunction)

T = —
2m



60 CHAPTER 5. QUANTUM MECHANICS REVIEW

This leads to

T=_00 (5.1)

" 2m 922

For the potential energy V(x) we have
V(z)=V(x) (5.2)

Read this as multiply by V(x).
For the total energy in 1D we have the operator H = T + V where H is
called the Hamiltonian operator.

H = T+V
hZ 92
H=- -2 1y
2m Ox2 +Vi(z)
Therefore
H=-12 V() (5.3)

This is the total energy operator called the Hamiltonian operator or Hamil-
tonian for short.
For the total energy in 3D
2 2 2
Py py D
H = 4+ —=4+=24V
2m + 2m + 2m +V(@.y,2)

1 0 ;. v, p?
= 5 (—m—ax> (—zh—8m> ot o+ V(ny2)

R2 92 K2 92 n? 92
T 2m o2 2moy?  2m 022 +Vi(@y,2)

This results in

2 2 2 2
H=-1 (% +§—yg+%) +V(,y,2) (5.4)

H=-L£v? (5.5)

where V2 is called the Laplacian or “Del-squared” and

g 0 0
V= (5w 5)
In addition A = V2 (French)

So to summarize you can see that other operators can be built up from
the fundamental operators & and p.
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Eigenvalues and eigenfunctions

Now a special class of function which when operated on yields itself again
(may be multiplied by a constant or something) is called an eigenfunction
(or eigenvector) of the operator. The constant that falls out is called an
eigenvalue of the operator. For example, you could have

9
ox

(ea:v) — aea:p

Here the function e** is an eigenfunction of the 8% operator and the constant
« is an eigenvalue of the operator.

Expectation values

The average of mean value of an observable A is by definition

< A>= [U*AUdz (5.6)

This is called “sandwiching”.
In the special case that W is an eigenfunction of the operator A

AV = q¥
Therefore

<A> = /\p*jwdx

= /\Il*a\lfdx
= a/\ll*\llda:

= a since by normalization the integral is 1
Therefore
<A>=a

in the special case that ¥ is an eigenfunction of A.
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Dirac Bra-Ket notation (a quick aside)

Dirac suggested a shorthand notation for writing and dealing with wave-
functions, operators and such. This new notation turns out to be easier and
faster than the default calculus approach.

In this notation

e A wavefunction V¥ is denoted by |¥ > and is called a ket

e The complex conjugate ¥* is denoted by < ¥| and is called a bra
Bras and kets follow the rules of linear algebra

o < alb>=<bla>*

o |aA >=a|A > if a is a constant (a scalar)

o <aA|l=a" <A

Likewise
o <AbB+cC >=b< AlB>+c < AlC >
Integrals are represented in the following fashion
/\I/T\Iﬁda: = < 1J1 >=1 normalization
/lllgllllda: = < 2|1 >= 0 orthogonality
/\IJIA\Illd:U = < 1JA]1 > Sandwiching

/\Ifgfl\hdx = <2/A]1 > Sandwiching

and so forth.

Operator math

Just as wavefunctions have to obey certain constraints, they are important
restrictions on operators that represent observable quantities. This is called
“linearity” and “hermiticity”
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Linearity:

An operator A is linear for any constants o and 3 and wavefuncions |lf >
and |g > if

A(alf > +Blg >) = aA|f > +BA|g >

So the operator acting on the whole superposition wavefunction W;, =
alf > +0|g > is the same as the operator acting individually on the parts.

Hermiticity:

An operator A is Hermitian if its integrals obey the following relationship
for all valid |f > and |g >

/ U5 AVdr = / Ur AT pda
<flAlg>* = <glAlf >

This restriction ensures that eigenvalues of A are all real-valued (as opposed
to complex).

If its going to be observable in real life the number has to be real (not
complex).

“Proof”:
|k > is an eigenfunction of A with eigenvalue k. Because A is Hermitian
< k|Alk>* = <Kk|Ak>
kE* = k

Therefore k is real valued.
Furthermore, eigenfunctions of a Hermitian operator associated with dif-
ferent eigenvalues are all orthogonal.

“Proof”’:

<jlAlk>* = <KklAlj >
kE<jlk>" = j<k|j> where < k|j >=<j|k >"
(k—j) <kj> = 0
Since k # j (they are different eigenvalues)
<klj>=0
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More on operators

AU >= |AV >= U >
so that

0> — <
AT > «—— < AU
AT > «—— < U|Al

where Al is called the adjoint of A operator.

More games with the adjoint
1)
< PlAT > = < ¢|AT >

= < AUjp >*
< U|AT|p >*
Therefore
< P|A|T >=< U|AT|p >* (5.7)
of course if A = AT then A is Hermitian.
2)
< QAT >=< ¢|AT > (5.8)
< ¢lA|Y >=< ATp|U > (5.9)

The first expression reflects operation on the right. The second expression
reflects operating on the left.
3)

(AB)f = Bf At (5.10)

Proof: Let

6> = (AB)v >
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Take adjoint now

A|BU >
AB|U >

< BU| Al

< w|B Al

Call C = AB or CT = BYA' resulting in
Ol > — <v|Ct

l

l

This ends up with

(AB)t = BT At (5.11)

4) If A and B are Hermitian (A = A" and B = BY)

A A A A

(AB)I = BTAT = BA = AB + [B, A]

This results in the relationship where [B, A] is called the “commutator” of
the two operators. This will be introduced in the next section.

(AB)I = AB + [B, 4] (5.12)

Commutators

A wavefunction ¥ with a characteristic well-defined value of some observable
quantity is an eigenfunction of the corresponding operator. However, this
U does not have to have a characteristic value of any other observable.

For a ¥ to have a characteristic value of 2 observables simultaneously, the
corresponding operators must “commute”

Definition of “commute”

The action of the two operators say A and B taken in succession on any ¥
is identical to the action of the operators taken in reverse order.

AB = BA (5.13)

or equivalently that the “commutator” of the two operators equals zero.
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Definition of “commutator”

[A,B] = AB— BA
A special case is
(A B = AB— BA—0

which occurs when A and B commute.
Now if such a W exists then it is an eigenfunction of both operators. For
example

ABIB>) = Ap|B >=BAI5 >
But now if AB = BA then
AB|B> = BA|p>
BA|B > = B(A|p >)
which means that (A|3 >) is an
eigenfunction of B, call it | g >
= BIf >
Bl >
This implies t}lat Ié] > is an eigenfunction of A. Hence |3 > is an eigenfunc-
tion of both A and B if they commute.

Alternative derivation

Claim that if |8 > is an eigenfunction of B

B|B >=p|B >

Then if A and B commute (i.e. [B, A] = 0), |A8 > is also an eigenfunction
of B with eigenvalue (. To illustrate:

BlAg> = BA|F>= (AB+ (B, A3 >
since [B, A] = 0
= AB|3 >
BA|B >)
BIAB >
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One therefore sees that

B|AS >= (A3 > (5.14)

Again this implies that |3 > is an eigenfunction of A.

Conversely, if A and B do not commute ([A, B] # 0), you cannot specify
the eigenvalues of both simultaneously (only one or the other). This is the
origin of the uncertainty principle, which we will discuss later in more detail.

To illustrate this locally however, £ and p do not commute.

Proof: (note that when working with operators its easier to have an
imaginary test function to work on. otherwise it is easy to get confused.)

[, p]|¥ > = (2p—p2)|¥ >
= Ip|¥ > —pz|¥ >
v > d
h— (x| U
In +1i dx(x| >)
v > . xd|\If >
dx dz

= —ih2

= h|—=x

+ U >
= h|¥ >
Resulting in
2, p]| ¥ >=ih|¥ > (5.15)
or alternatively that
[x,p] = ih (5.16)

This value is non-zero showing that & and p do not commute. And as
advertised earlier this will lead to the Uncertainty principle

AzAp > 14 (5.17)

Furthermore, given 2 commuting observables A and B it is always pos-
sible to construct an orthonormal basis with eigenstates common to both A
and B.

Additional commutator math

Before we go on we will want to summarize some important commutator
relations
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Examples

Evaluate [p, 5:2]. Remember to add some dummy wavefunction ¥ to help

out.
[p,22]0 = piz— 2*pP
d
here p = —ih—
where p Zhdm
d dU
= —ih%(ﬁ\ﬂ) — :EQE(—M)
A A
= —ih |#%2— + 22T | + ihi?—
dx dx
A A
= ih {—@2% — 230 + @2%]
= —2%h3iV
Therefore we conclude that
[p, 2%] = —2ihd (5.18)

Evaluate [p?, #]. Remember to add some dummy wavefunction ¥ to help
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out.
P2V = (p*2 — ap*)V
= pAav — p? v
— —ih% [—zh dd (x\I/)} dci;( ih)?
- —h2% [ ill—i-i-\p} + WP Lj;\ll
= —n? [mf + z\i’ + Zﬂ + d—\y
— —h2[ CZ;—Q-FQZ—\IJ] hQ:c%
= —h2% Z—\g h2%+h2x%
v
— _%Q%
— [-2712%} ]
- [
= —2ihpT
Resulting in
(92, 2] = —2ihp (5.19)

The time independent Schrodinger equation

The general form of the Schrodinger equation which we will need to solve
many times is

ihgU(r,t) = HU(r,1) (5.20)

where H is the Hamiltonian operator. Alternatively
h%( t) = h2v2+v (r,t)
i T, -
ot 2m ’

where V' is some generic potential.
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This equation derived by Schrodinger describes the wavefunction of the
particle and hence is a pretty important. The general form of the Schrodinger
equation has time dependence as you see above. However if can be shown
that there is a time independent form of the equation also called the Schrodinger
equation. To distinguish these two equations the former is often referred to
as the time-dependent Schrodinger equation. Note that one typically deals
with the time-independent version for the first semester of quantum and
then get into the time-dependent version in the second semsester.

To obtain the time-independent version of the Schrodinger equation as-
sume that V' does not depend on time. It is only dependent on position
V — V(r). We have

R2v?2
2m

i w1 = (-

> + v) U(r t)

Note that the left side has time dependence while the right side only has a
spatial dependence. Look for solutions of the form

U(r,t) = W(r)f()

= W f shorthand expression

We now have

d IRAVE:
ih— (U f) = — U v
i 8t( f) 5 [+VUf
L - Of Rf o
V- = L2y 4+ VU
ih 5t 2mV +VUf
i of 1] RhV?
- E‘E[_ 5 ‘“V‘I’]

Note that the left hand side is independent of position and the right hand
side is independent of time. Both sides must equal a constant (call it €)
in order to be consistent. It turns out that this constant is the system
eigenenergy which is why we are calling it € already.
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Left hand side

hdf
fo —°
1of e
fot — in
1of  —ie
fot — h
1€t
Inf = 3

note that there is a constant of integration

but we ignore it here

This results in

—iet

f=en (5.21)

The form of the function is exponential but it has an imaginary exponent.
So what does this mean? Well, it means that one has plane waves. Note
that e’** = coskz + isinkz.

Right hand side

k73 2m

22
1[—hvw+V\D} = €

HY = eV

This expression is something that we are familiar with. Its our favorite
eigenvalue and eigenvector problem.

Summary

So putting everything together we have the full form of the wavefunction
(both the time-dependent and time-independent parts).

et

U=U(re = (5.22)

Recall that additional constraints on ¥(r) include

e U(r) is finite
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e U(r) is continuous
e U'(r) is continuous

Furthermore, boundary conditions on the wavefunction will induce quan-
tization on the energies € as well as the mathematical form of the wave-
function. Here you will note that typically the first semester of quantum
mechanics is spent solving the time independent Schrodinger equation for a
number of different situation and boundary conditions. These problems are
referred to as model problems and will be described in the next sections.

What do we mean

What exactly did we mean above. Well let’s go back to the full time-
dependent Schrodinger equation

ih%\ll(r, t) = HY(r,t)

where we just found that
i€t

U(r,t) =¥(r)e &

Replace this into the Schrodinger equation and evaluate.

. 8 —iet —eet

ma [‘Il(r)e h } = HUY(r)e =

zh\I/(r)E [e* z } = HU(r)en
ih <—Z— \Il(r)e*ihﬁ = .FI\II(r)(flE_FZ5

leaving

| HU(r) = eW(r)| (5.23)

which is the time independent Schrodinger equation or our familiar eigen-
value and eigenvector problem. We will solve this equation a bunch of times
for a number of model systems. Later on we will go back and deal more
directly with the time dependent Schrodinger equation.

Some relevant applications of the time independent Schrodinger equation
include



e particle in a box (absorption)
e harmonic oscillator (vibrations)

e rigid rotor (rotational spectra)
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CHAPTER 5. QUANTUM MECHANICS REVIEW



Chapter 6

Confinement

Quantum wells, wires and dots are often described using the analogy to a
particle in a 1D box, a 2D box and a 3D box. This is because when the actual
physical length scale of the system is smaller than the exciton Bohr radius
or corresponding deBroglie wavelength (as we saw in the previous section),
either or both the electron and hole experience confinment. In turn, the
energies of the carrier along that dimension of the material are no longer
continuous as in the case where there is no confinement. The appearance of
discrete states is one of the fundamental signatures of nanomaterials. Since
solving the Schrodinger equation of a carrier to find its eigenvalues and
eigenfunctions involves using boundary conditions one can also immediately
predict that the actual shape of a quantum well, wire or dot will also play
a role in dictating the ordering and spacing of states. A nanowire will
have a similar but different progression of states than a quantum dot (or
nanocrystal). The same applies to quantum wells as well as more exotic
shapes of nanostructures.

In this chapter we solve the simple analytical problems of a particle in a
1 dimensional rectangular box, a cylindrical wire and a sphere (particle in a
spherical box) to illustrate the discreteness as well as progression of states
in wells, wires and dots.

()



76 CHAPTER 6. CONFINEMENT

A A
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g /
Z z

l J>
0 a X

Figure 6.1: Cartoon of a one dimensional infinite barrier potential

1 Dimension of confinement
Particle in a 1D infinite box

The potential is
oo ifr <=0
V(iz)=<0 if0<z<a

oo ifx >=a

The boundary conditions are

The Shrodinger equation to solve is

A (6.1)

" 2m dx?

Rearrange to yield in the box region where V =0

v,



7

2me

where k = 2 General solutions are of the form

U = At 4 Be~the (6.3)

Note that the first term describes a right going wave and the second describes
a let going wave. Also if you need it e?** = cos(kx) + isin(kz) and e~ =
cos(kx) — isin(kx). Apply the boundary conditions now to simplify

V0)=A+B—~B=-A
U(a) = Ae™™™ — Ae™™** =0

This latter equation reduces to

2.A6ikm . e—ik:c 0
1A—mmmmmmm —
21

2iAsin(ka) =0

where we employ the identities sin(kz) = % and cos(kz) = M

For this to be true and non-trivial (A = 0), ka = nw. This leads to

The energy can be solved for, to give

27,2
€= —ggm’; (6.4)

where n is an integer. Now by normalizing the wavefunction
Uy =1

one basically gets the equation
a
N2/ sin?(kx)dx = 1
0

The integral can be evaluated by recalling that sin?(kz) = $(1 — cos(2kz)).

This is readily integrated to give N = \/% and the complete wavefunction
as

U(z) = \/gsm(km) (6.5)
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Exercises

1. Estimate the first few energies (n = 1,2,3) for an electron in GaAs
quantum wells of width 10 nm and 4 nm. Assume the mass is 0.067my.

Repeat the same calculation for a “heavy” hole (mp, = .5mg) and
“light” hole (my;, = 0.082mg). In all cases assume an infinite box
model.

2. Use Mathcad, Matlab, Mathematica or your favorite mathematical
modeling program and numerically determine the first 10 energies of
the particle in an infinite box (previous problem). Draw the corre-
sponding wavefunctions as well.

3. Consider the following potential in Figure 6.2. Find the energy lev-
els and eigenfunctions. Assume knowledge of the harmonic oscillator
wavefunctions and energies. (look them up if you need to) This prob-
lem does not require any extensive work.

4. Using your knowledge of the energy level spacing for a particle in an
infinite box as well as the energy level spacing in a harmonic oscilla-
tor predict whether the energy levels will converge or diverge for the
following two potentials. That is as the energies get larger, do the
spacings between states increase or decrease.

£
/. vix)
Ve
<
e Halt & harmenic
// oseillator
— )
0 x

l%mw&'xgo

Figure 6.2: Half a harmonic oscillator
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Vix) « [x] Vix) o¢ X t

Figure 6.3: Various 1D potentials

Particle in a 1D finite box

This problem is a little more complicated. From quantum mechnanics we
know that the solution in the box region where the potential is zero will
be wavelike. In the barrier region we also know that the solutions will be
exponentially decaying.

The potential is

V o ifx <=0
V(z)=<40 if0<zr<a
V o ifxr >=a
The solutions are
Uy(z) = AP+ Be P
Uy(z) = Ce't* 4 De~h®
U3(z) = FeP* 4 Ge P

where 3 = 4/ M};g;sz and k = \/ % By finiteness of the wavefunction
B = 0. In addition F' = 0. The wavefunction must not blow up in the

barrier region. Must be well behaved.
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V _

0 a

Figure 6.4: Cartoon of a one dimensional finite barrier potential

This leaves us with

Uy (z) = Ae* (6.6)
Uy(z) = Ce*® 4 De~the (6.7)
Us(z) = Ge (6.8)

U(0) = ¥(0) = A=C+D

U(0) = Wy(0)— AB =ikC — ikD

Uy(a) = W3(a) — Cet® 4 De 1 = GePa

Uy(a) = ‘Ifg(a) — ikCe* — jkDe~* = —pGePe

This leads to a system of four equations and four unknowns (A,C,D,G).
Arranged in matrix form it looks like

1 -1 —1 0 A
3 —ik ik 0 C
0 ez’ka efika _efﬁa D
0 ikehe —jketha  Be—Ba G

Here either we get the trivial solution where A=C=D=G=0 or that the
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0 4 X

Figure 6.5: Sketch showing the behavior of the wavefunctions in the finite
box model

determinant of the large matrix is zero.

1 —1 —1 0
3 —ik ik 0
0 eika e—z’ka _e—,Ba =0 (69)

0 ikehe —jke~tka  Be—fa

Simplify this determinant. This can be done a number of ways. One possible
path is shown.

—ik(row 3) + (row 4) — (row4)

The determinant becomes

1 -1 -1 0
0 (B-ik) (B+ik) o,
0 ezkza e—zka _e—ﬁa -
0 0 —2ike~ka (B + ik)ePe
Followed by
1
5- Z,k(row 2) — (row 2)

6—ika(

row 3) — (row 3)
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yielding
1 -1 -1 0
_ _ (B+ik)
0 1 e~ 2ika _efa(ﬂJrzk)
0 0 —2ike ™ (B4 ik)e Pe
Additional steps
(row 2) + (row 3) — (row 3)
—(row 2) — (row 2)
giving
1 -1 -1 0
(B+ik)
0 = 0 .
0 0 e 2ika_ Egﬂg _ e~ a(B+ik)
—1
0 0 —2ike~a (B +ik)e=Pe

Finding this determinant basically means finding the sub 2x2 determinant

e—2ika _ (ggﬂl]z)z —e—a(B+ik)
—2ike~ e (B4 ik)e P

This is the same as

(e—Qika _ (/8 + Zk)) (/8 + Z'k,)e—ﬁa _ 2ike—ika—d(ﬁ+ik‘) — 0

(B —ik)
(B + ik)e2ika=Pa _ %eﬁa _ 9ike—2ika—fa _
Drop the e #? term to give
(B + ik)e 2k — ((%%ZZIZ); _ 9ike—2ka —
(8 + ik)*

. . —2ika __
(B + ik — 2ik)e = G—ik)

(ﬂ _,L-k)Qe—Qika — (ﬁ-}-lk)Q



Multiply both sides by e*®

(5 _ ik)ze*ik“ — (ﬂ—i—ik)Qe“m

(ﬁ 4+ Z»k:)2eika .
Continue simplifying

(ﬁQ + QZﬁk _ k2)eika _

(8

(8% — 2iBk — k*)e~"*

—ik)%e e =0

=0

(52 _ k2)(eika _ efika) + Qin(eika + efika) =0

2i(8% — k?)sin(ka) + 4iBkcos(ka) = 0

(8% — k?)sin(ka) 4+ 2Bkcos(ka) = 0

(5 — k*)tank(ka) + 206k =0

Giving our final expression

tan(ka) =

28k
(52— 57)

where 3 = \/%/i) and k =

equation we get the equation

2me
ST

tan( 2—7;”25

a) =

_ 2y/e(V—e¢)

2e—V
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(6.10)

If we replace this into the above

(6.11)

Solve this numerically to get all allowed values of the energy (i.e. find the

roots).

Exercises

1. Consider the same GaAs quantum wells in the previous exercise (well
widths of 4 nm and 10 nm). Assume the effective mass of the electron
is 0.067m,. Also assume, now rather than an infinite box, we have a
finite box with a 0.3 eV barrier. Calculate the energy of electron states
trapped in the box. Increase the barrier to 1 eV. Calculate the energy
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of electron states trapped in the box (also known as bound states).
This can be done using your favorite mathematical modeling software
such as Mathcad, Matlab, Mathematica etc. ...

Particle in a 1D triangular well

Here the potential is
V(z) = eFz

where e is the fundamental unit of charge and F is the magnitude of the
electric field giving rise to such a potential. The left side of the potential is
infinite, beginning at the origin.

The Schrodinger equation is

h? d?
[_%@

+ V(z)} U(z) = e¥(2)

The relevant boundary condition for the wavefunction is that it must go to
zero at the origin ¥(0) = 0.

To simplify things and converge on a name equation that has already
been solved we do the following. First multiply through by %

d>U B 2mel'z v - _QmE\D
d252 h2 h2
d>U 2mel’ 2me
e <h—> o=
Now let z = ZZ—O We get
1 d20 2melF _ 2me
Z_gﬁ - (7) ZOZ\I/ = —?\If
R 2meF\ 5_ 2me ,
ﬁ - <T> ZOZ\I/ = —?ZO\IJ
PN
Next, let z, = 1 __ = (2231?) *. We then get
2meF | 3
2



Particle in a Finite Potential Well

definitions we need

hhar = 1054-10° = Self explanatory, units of joule seconds
mo=911100 a Free electron mass, units of kg
eV = 160210 = Conwersion factor from e% ta joules, units of coulombs

User defined parameters
p = 0087 Effective mass prefactar, unitless

b

a=1107 Wyidth of the potential well, units of meters

V=03 Barrier height in units of eV

Something to simplify the expression for the computer
[2pmo
elp.a) = 2 eV elf,a) = 13262 Just a check to make sure not unreasonable number

hhar

Now this is the equation we derived and whose rools we want

2BV - )
FE =t ) oJEl - —4——*
(E) = tanle(p,a)-fE) e
MNeed some guess to help the computer, the closer the guess the better

gl =003

=016 Energy guesses, units of 8%

El =root(F(gl),el)

E2 = root(Flgd . gD

The heart of this mathcad sheet, computer daoing its job here

Fl = 0034 These are the energies of the bound levels

Ez=0271 Loaks like there are.only 2 bound states, since EZ close to 0.3 e barrier height

Figure 6.6: Mathcad sheet showing numerical solutions to the particle in
finite box problem
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Let € = é leading to

> T =

2
A2 2m660< K2 )3

d*v
>0 o
— = (z—€WU

This is Airy’s equation and has general solution that are linear combinations
of Airy functions (A; and B;). In general B; will diverge as z — oo. Since
we can’t have the wavefunction diverge we drop the latter Airy function.
We are then left with the generic solution for the wavefunctions

U = NAi(s) (6.13)

where N is a normalization constant. To find the energies of the particle,
we apply the one boundary condition that we have ¥(z = 0) = 0. Since

s=Zz—¢€and Z =0if 2z =0 we get s = —é. The boundary condition is
therefore U(—€) = 0. Let a be the (negative) zeros of the Airy function A4;.
Therefore € = || and recall € = . Solving for € we get € = ae, or
(cFh)?]*
e 3
= 6.14
E=aw [ 5 } (6.14)

which are the desired energies of the particle in a 1D triangular potential.



2 Dimensions of confinement
Paticle in an infinite circular box

The Schrodinger equation here is

hQ
—g= V2V + VU =W

The potential is

0 if
v<x>:{ Lo
oo ifr>=a

|¢—a -_—

Figure 6.7: Cartoon of the infinite circular potential

In the region where the potential is zero

h2

—— VXU =V
2m

where V2, the Laplacian in r, § coordinates, is

2 10 ( 0\ 10
v ~ror \or +r2892

87

(6.15)
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Note that the Laplacian in cartesian coordinates is V2 = j—; + % + j—;.
Insert this into the main equation to get

B (10 v +182\IJ Cw—o
o2m \ror \' Or r2 902 T

10 [ 0¥ +182\I/+2m5\1] 0
—— | r— —_— —WV =
ror \_ or r2 002 K2
10 [ oV 1%,
W(TW)*EW“‘? =0

Multiply through by 72 to get

U 2y
1"2 (raa—T> + (k)W + ov_ 0

Note that you have part of this expression depends only on r and the other
exclusively on 6. Assume a form of the wavefunction that is ¥ = z(r)y(6).
As shorthand just denote ¥ by zy. Let’s evaluate the first two terms in the
main equation above.

v !
® o = YT
vy _ !
o (rr) =yrz
ol oV " !
© 5 (rgr) =yre +yz

. r% (r?}') =yria’ +yra’

r

Replace the last item into the above main equation to get
yra” +yra’ + (kr)%zy + zy =0

Divide through by xy to get

2 1" / "
réx rT Y

4 (kr)’+Z =0 6.16
x+x+(7’)+y (6.16)

Solve for y first.




89

let

x x

2 " /
m? = <T L (k:r)2>

which you notice is independent of § and so to y appears as a constant.
Replacing this into the above expression gives

y =—-m2y (6.17)
or
y// + m2y _ O

leading to a general solution of the form

y(0) = Ae™? 4 Be~m0 (6.18)
Now given an explicit form for y7 (equation 15) replace this back into equa-
tion 14. This is because ultimately what we want is z(r). Equation 13
becomes

leading to

x”+%+x(k2—’$;) —0 (6.19)

which is the normal Bessel equation. Alternatively, to make this look like
something you look up in a book, let z = kr. This results in Bessel’s equation

Py = 2 4 p(22 —m?) =0 (6.20)

dz2

Solutions to this equation (for integer m) take the general form

| 2(r) = AJp(2) + BY,n(2) | (6.21)

which is a linear combination of J,,(z) called Bessel functions of the first
kind and Y,,(z) called Bessel functions of the second kind. Note that Bessel
functions of the first kind are well behaved at the origin but Bessel functions
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of the second kind will diverge. Therefore, to obtain physically relevant
solutions drop the Bessel functions of the second kind and only consider

Im(2).

| 2(r) = AJp(2)] (6.22)

Finally, from our other boundary conditions, J,,,(ka) = 0 Therefore ka = «

which is the root of the Bessel function. Since k = ,/2—72"2—6 and z = kr, the

eigenenergies that we desire are

e = Lo (6.23)

~ 2ma?

where a is the radius of the circle, m is the mass of the particle and « are
the roots (first, second, third etc...) of the Bessel function. (Please note
that the m in the denominator is the mass of the particle, not the order of
the Bessel function. Sorry for the notation glitch)

Exercises

1. Consider an InP nanowire of diameter 10, 15 and 20 nm (see the Lieber
paper below). Assume m, = 0.078m, and mj;, = 0.4m,. Calculate the
energy of the first 3 optical transitions by adding these particle in
a circular box energies to the bulk room temperature band gap of
InP. Ignore the length of the wire for simplicity. What colors do you
expect these wires to emit, UV, visible, IR? How does it compare to
the paper?

2. Consider a quantum corral as described below in the Eigler paper.
Assume the diameter of the corral is 71.3A. Assume the effective
mass of the electron is m, = 0.38m,. Calculate the first 3 electron
energy levels of this corral. How does it compare to the paper?

3. For the same quantum corral above, draw the first three wavefunctions
of the system. Use your favorite mathematical modeling program such
as Mathcad, Matlab, Mathematica etc. ...

Relevant reading

e “Size dependent photoluminescence from single indium phosphide nanowires”
M. S. Gudiksen, J. Wang, C. M. Lieber J. Phys. Chem. B 106, 4036
(2002).
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e “Confinement of electrons to quantum corrals on a metal surface” M.
F. Crommie, C. P. Lutz, D. M. Eigler Science, 262, 218 (1993).

e “Quantum corrals” M. F. Crommie, C. P. Lutz, D. M. Eigler, E. J.
Heller Physica D, 83, 98 (1995).

e “Energy levels in embedded semiconductor nanoparticles and nanowires”
K. K. Nanda, F. E. Kruis, H. Fissan Nano Lett. 1, 605 (2001).

3 Dimensions of confinement
Particle in an infinite spherical box

This is a more complicated problem. Two approaches to a solution are
illustrated with one leading to what are know as spherical Bessel function
and the other to a solution involving regular Bessel functions of half integer

order. The Schrodinger equation is

K2 2 _
5 VU + VU =cV

The potential is

Vi) = {0 ifr <a

oo ifr >=a
In the region inside the sphere where V' = 0, this reduces to

h2
_%VQ\I; =¥ (624)

9 19 0 1
2 10 (5,0 S (. D
V=2 <r 87“) T Zsin(0) 90 (Smw)ae> T gy (&)

If replaced into the above equation, multiply by 2mr? on both sides to
simplify giving

—h2r2V20 = 2mrlel
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4——-——"‘6\

Figure 6.8: Cartoon of the infinite spherical potential
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Expanded out this looks like

_h22 lg 26_\11 +;ﬁ (9)8_\1! +;82_\I]
"\rar " or r2sin(6) 06 T 72 sin?(6) 0¢?

= 2mr2el

ar \" or sin(6) 00 RN sin?(0) 0¢?

= 2mr2e¥

Rearrange to give

- h2§ <r288—3> — 2mrleV

1 0 0 1 0?
— B2 —(sin@)= )| — ——<== | T =0
<sm<9) a0 (Sm( )ae> sin2(0) a¢2>
where recall that the third term looks familiar. Basically

22— p2 <Sm1(9) % (m(e)%) _ ﬁ%) (6.26)

(Angular momentum operator). Our main equation then becomes

—h2§ (r2 %—\P) —2mr?e¥ 4+ 20 = 0
r r

Furthermore, recall that L2W = A%(1+1) (angular momentum eigenvalues)
leading to

—h2§ (7‘2%—\1}> —2mr?eW + KA1+ 1)T =0
T T

Simplify this

% (7’2%—\3> + W <%T2—l(l+1)> =0

Let k2 = % giving

% <r2 ?%’) + 0 (K —=1(1+1)) =0 (6.27)
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At this point there are two ways to proceed from this equation. The first
will lead to solutions involving so called “spherical” Bessel functions. The
other will lead to solutions involving regular or normal Bessel functions of
half integer order. Spherical and half integer order, normal, Bessel functions
are proportional to each other so ultimately the solutions are the same.

Solution with spherical Bessel functions

Let U = z(r)y(0, ¢) The we can evaluate the following items using = and y
as shorthand for x(r) and y(0, ¢)

Replace the last item into equation 23 giving
y(r?z” +2rz’) + ay(k*r? — 1(1+1)) = 0
Divide out y and continue simplifying.
9 / 2 9 -
réx 4+ 2rx +x(k*r* —=1(1+1))=0
dz dz?

Let z = kr (therefore dr = ¢ and dr? = Gz - these will be useful in a

moment) and replace into the above expression

rx’ + 2ra + z(22=1(14+1))=0

d%z dx
2 2 _ =
P 2ot a( =+ 1) =0
d’x dx
2.2 2 _ =
Koo+ 2k +2(2—1(1+1) =0
or
22 19200 4 (22— 1(1+1) =0 (6.28)

This is the general spherical Bessel equation whose solutions take the form:

| 2(r) = Aji(2) + Byi(2) | (6.29)
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where j;(z) are spherical Bessel functions of the first kind and y;(z) are
spherical Bessel functions of the second kind (also known as spherical Neu-
mann functions written as n;(z)). Note that j;(z) is finite and well behaved
at the origin while y;(z) diverges. So to get a physical solution, one must
drop the spherical Bessel functions of the second kind leaving

z(r) = Aji(z) (6.30)

The equation and its solutions can be looked up in a text like “Handbook of
Mathematical Functions” Abramowitz and Stegun, pg 437. Note that these
spherical Bessel functions are denoted by little j,(z) as opposed to big J,,(2)
which are normal Bessel functions (same with spherical Bessel functions of
the second kind). Furthermore, spherical bessel functions are related to half
integer Bessel functions, a subclass of normal Bessel functions as shown at
the end of this chapter. Examples of the spherical Bessel function solutions
are

® jo(z) = —S“";(Z’
o ]l(z) _ sirzz(z) . cosz(z)

o ]2<Z) _ 3sin(z) _ 3cos(z) _ sin(z)

23 22 z

and so forth.

Solution with half integer (normal) Bessel functions

Alternatively assume that the wavefunction has the form ¢ = x(:) y(0,¢) =
R(r)y(6, ¢) Replace this in equation 24 and start simplifying.

0 [ 5,00 29 B
W(TW>+\D(I€T (1+1)=0

We need the following bits of information
Q= ya (k) + b
200 _

o G, = —a;y+rym/

° a—aT (7"2%—?) = —x/y + :c/lry + $/y = :c//ry
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Replace the last item into our main equation
2"ry+ 2L~ U1+ 1)) = 0
Get rid of y
re + = (k:2 2-0(1+1)=0

x//+x<k2——l(l—gl)> =0

r

Now let z = kr and © = \/2¢(z) (dr = %) giving
2
o (e t0)

dr? r2

N <k2 - kzl(i_2+1>> 0
Use the following bits of information
* % = \/E¢, +¢§z_%
° dz2 = Vz¢' +¢,1z_5+ (¢(—%)z_%+z—%¢’)

« TF=VE 92— g
especially the last term to get

k? <\/E¢" tozE— %zg> +Vz¢ <k2 L)

Drop k? and continue simplifying

CONFINEMENT

vz +¢ 27 - %’z—% +Vz¢ (1 - l(l; 1)>
z¢"+¢'—%+z¢<1—l(l;1))
¢ + 2 —ib+z2¢< l(l;”)
26" + 29 +¢<——+z —l(l+1))
20" + 26 +¢<z —<%+l<l+1)>>=0
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Note that the term in the inner parenthesis is equal to (l + %)2 This simpli-
fies the full expression to

2
z2¢//+z¢/+¢<z2—<l+%> ) =0

Letn:(l—i-%)

2¢" + 20 + @22 —n?) =0 (6.31)

This is the normal Bessel function equation. In this case where we have half-
integer orders n then general solutions for ¢ are linear combinations of half
x\r

integer Bessel functions. Furthermore, since z(r) = /z¢(z) and R(r) = JT—Z
the general radial solution, R(r), is

P(z) = AJn(z) + BJn(z)
2(r) = \/E<A/Jn(z)—|—B/Yn(z))

R(r) = & (A'Jn(z) + B'Yn(z)> (6.32)
or more explicitly
2(r) = /2 (AJ(H%)(z) + BY(H%)(z)) (6.33)

We can look up the equation and its solution in a book like Abramowitz
and Stegun but since Y,, diverges near the origin so it should be dropped
immediately. This leaves

R(r) = 420, 1(2) (6.34)

Summary

So in the end, regardless of how you came to the solution, to find the eigneval-
ues we need to find the roots, «, of either

ji(kr) = 0 | spherical Bessel (6.35)

J(H%)(kr) = 0| half integer Bessel (6.36)
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So on finding the root one also has a = kr and from this the desired value
of k. Note that for each value of [ there are an infinite number of roots. The
eigenvalues are then

leading to

_ h2K?

2m

2
e= Lo (6.37)

Finally, the relation between spherical Bessel functions and half integer
Bessel functions are:

™

Jiz) = Q—ZJ(H%)(Z) (6.38)
y=mn(z) = %Y(H%)(z) (6.39)

So either approach to solving the problem is valid. Its your choice on what’s
most convenient.

Exercises

1. Calculate the eigenenergies of a free electron (mass m,) in a 5 nm
diameter sphere for [ = 0,1, 2,3 using the lowest root of the Bessel
function.

2. Calculate the eigenenergies of a free electron (mass m,) in a 5 nm
diameter sphere for [ = 0,1, 2,3 using the second lowest root of the
Bessel function.

3. Calculate the eigenenergies of a free electron (mass m,) in a 5 nm
diameter sphere for [ = 0,1,2,3 using the third lowest root of the
Bessel function.

4. Summarize all these energies in ascending order of energy in one table.
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. Use Mathcad, Matlab, Mathematica or your favorite mathematical
modeling program to draw the radial wavefunctions corresponding to
the lowest three energies in your table. Don’t forget to normalize the
wavefunction.

. Calculate the first 7 energy levels of a free electron in a 5 nm length
three dimensional box. (All sides of the cube have length of 5 nm).
Compare these results to the particle in a sphere case.

. Qualitatively compare the size dependence of the energies for a particle
in a 1D box (well), an infinite circular potential (wire) and a particle
in an infinite spherical box (dot). Basically ask yourself how all these
energies scale with r or a. Any similarities? Now take a look a Yu et.
al., Nature Materials 2, 517 - 520 (01 Aug 2003) Letters and comment
on it.

. Often enough there is a Coulomb attraction between the electron and
hole in a confined system. As a consequence the energies one cal-
culates via particle in a box type expression are often corrected for
this Coulomb attraction. Think back to the basic expression for the
Coulomb energy and qualitatively explain why this term is important
or not important. Hint: think of how these energies all scale with r or
a.

. Core shell semiconductor particles are pretty popular these days since
they were found to improve the quantum yield of many semiconductor
systems. Read the following papers with particular emphasis on the
first one. (1) (CdSe)ZnS core-shell quantum dots: Synthesis and char-
acterizatio of a size series of highly luminescent nanocrystallites” B.
O. Dabbousi, J. Rodriguez-Viejo, F. V. Mikulec, J. R. Heine, H. Mat-
toussi, R. Ober, K. F. Jensen, M. G. Bawendi J. Phys. Chem. B 1997,
101, 9463. (2) “Quantum-dot quantum well CdS/HgS/CdS: Theory
and experiment” D. Schooss, A. Mews, A. Eychmuller, H. Weller Phys.
Rev. B 1994, 49, 17072. (3)“Type-II quantum dots: CdTe/CdSe
(core/shell) and CdSe/ZnTe (core/shell) heterostructures” S. Kim, B.
Fisher, H. J. Eisler, M. Bawendi J. Am. Chem. Soc. 2003, 125, 11466.

Now Bashir (Dabbousi) has been good enough to plot the radial wave-
function of both the electron and hole in this system. See figure 14.
You too can do this. Reproduce the first (CdSe/matrix) and second
(CdSe/ZnS) graphs.
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Particle in a cylinder

Here in cylindrical coordinates

VQ—EE 2 _|_la_2_|_a_2
ror Tar r2 002 022

Solve the Schrodinger equation
HY = eV
where

h2
H=-——V?>+V
2m

where V' = 0 inside the cylinder. Elsewhere the potential is infinite. The
effective mass of the electron and the hole are used. Replacing this into the

Schrodinger equation we get

om |ror \ Or r2 002 = 922 — €

Multiply both sides by —%”; giving

ror \or r2 002 = 922  p?

Let k? = 22€ giving

FL2
19 0\ 18 ., )

Multiply by r2 to get rid of the middle ;15 term. We get

o/ o\ 8 Lo 2 s
|:7aa—’r<ra—r>+w+r 8?:|\I/ = —KT\I/

o ([ ov 5 0?0 9 9 0*v
U <rar)+r 9.2 + 17U+ 902

Now assume a solution of the form

U(r,0,z) = A(r,0)B(z) = AB

(6.40)
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through the method of separation of variables. We then have

0 ( 0AB ,02AB 2 O?AB
r— (7" o )+r 5.2 + (kr) AB+—892 =0

o ( 0A ,0°B 9 0?A
2 (22 e AB+BZL —
Br (r ) + Ar 522 + (kr) + 502 0

Divide through by AB to get

r8<8A>+r282B 19%4

Aor \"ar ) T B 922
Divide through by 72 to get
18<8A> 19°B , 5, 1 9?4

Ao \"or ) TBa T T g 0

Consolidate terms to get

10A 1 94 16°B

Ao Tr2doe T T B2

The LHS is a function of (7, 6) (although offset by x?). The RHS is a function
of z. If these expressions are equivalent then the must both equal a constant
with no dependence of 7,0 or z. Let’s call it m?. Therefore we get

1 0 0A 1 0%A 9 9
= = _— = = 6.41
rAdr <Tar>+r2Aae2+“ " (6.41)
1 6°B 9
—=— = 42
B 022 mn (6:42)
Let’s solve the easy equation first. Begin with
1 9’°B 9
—_— — m
B 922
d’B 9
= B
leading to
d’B 9

A general solution to this differential equation is

B = A,e"™* 4 Bye” ™ (6.44)
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where A, and B, are constants. The boundary conditions here require that

B(0) = (6.45)
B(L) (6.46)
where L is the length of the rod or the wire.
Applying the first boundary condition we get
B(0)=A,+B,=0
therefore
B,=-A,
Applying the second boundary condition we get
B(L) = A — A =0
or
eimL _ e—imL
24, —————— | =
1 < 5 > 0
2iA,sinmL = 0 (6.47)

therefore we either get the trivial solution (A,
The latter solution requires that

= 0) or we get sinmL = 0.

mL nmw

nmw

m —
L

where n =0,1,2,3...
Putting everything together we get

B(z) = Nosm("L—”z) (6.48)

where N, is a normalization constant. This is then the longitudinal part of
the wavefunction.

Now we go and find the harder solutions. Begin with

1 d TdA N 1 d2A—|—/12—m2
rAdr \ dr r2 A do? a
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Multiply through by r? to get

rd ([ dA 1 d%2A 9 9
Now multiply through by A

d [ dA\ %A ) ,
_ - __ —_ A=
T (r dr) + T + ((kr)? = (mr)?) 0

Assume A(r,0) = C(r)D(0) again by the separation of variables approach.
A(r,0) =C(r)D(0) =CD

giving

0 <7’80D> o°CD + [(m")2 - (mr)2] CD=0

"or or 06?
o ( oC 0*°D 9 9
Dra <r5> + CW + [(kr)* = (mr)?] CD =0

Divide through by CD

r 9 < 80) 19°D T [(kr)? = (mr)?] =0

cor\"or ) T D002
Consolidate common terms
r 0 oC 9 97 1 92D
e (52 [tery? = (ury?) = 1 52 (6.49)

Note that the left side depends only on r and the right side depends only
on #. Both sides therefore equal a constant. We will call it p?. This gives
us the following two equations

r d ([ oC
Cor (a—> + [(wr)* = (mr)?] = p* (6.50)
1 6°D
Let’s start by solving the easy equation. Begin with
14D
Daz ~ 7
d?D
—— = —Dp?

db?
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giving

d?D

The general solutions to this differential equation are of the form
D = Che? + D, e~ ! (6.53)
where C, and D, are constants. By continuity we also know that
D(0) = D(6 + 2n)
giving

D(0) = C,+ D,
D(2r) = C,eP?™ 4 D,

by inspection p is an integer and p =0,1,2,3,...
Now we go and solve the harder equation. Begin with
d dC

Car (d_) + [(kr)? = (mr)’] = p?

Multiply through by C

dr dr

d’C  dC 9 9 9

[T e T %} + [(kr)? = (mr)*] C = p°C
d*C dC

2Z ~ bl 2 _ 2 — 2

e —I—rdr + [(kr)* = (mr)?] C p°C
d*C dC
’I"QW + ’I"d— + [(KT)Q - (mr) - p2] cC =0

Divide through by 72
d’C  1dC
dr?  rdr

Let a? = (k? —m?)

#C 1dC [, P
dr? = rdr
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Multiply through by r? again

dC aC
paC  — dC 221
rdr+rdT+[(ar) p’]C =0

Let £ = ar or d€ = adr or dr = %E—. This gives

aQTQ% + ar% +[€2 - p*lC =0
or
,AC dAC L,
§E+§E+[§ —p]C—O (6.54)

This is Bessel’s equation whose solutions are Bessel functions.

C = AJy(&) + BY,(€)

where A, B are constants and ¢ = ar where a = vVk2 — m? and k? =

h2
Because Y,,(§{) — oo as r — oo we have B = 0. This leaves us with
C(&) = AJp(§) (6.55)
This is the wavefunction of this part of the problem.
Now we summarize everything here
C(r) = AJy(ar)
D(0) = Cpe'? + Dye=P?
B(z) = Nosin(mz)
L
where p = 0,1,2,3,... and n = 0,1,2,3,.... Putting it all together we

have the total wavefunction as the product of the individual terms ¥ =
C(r)D(0)B(z) giving

U(r,0,z) =n {Jp(ar) (Cgp" + Doe*ipe)} sin(n—Lﬁz) (6.56)

This is our desired wavefunction.
The desired energies come from the roots of the Bessel function

Jp(ar) =0 (6.57)
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where r = a, is the radius of the cylinder. « will be the root of the Bessel
function and a = aa, where a = VK2 — m2. Then we have

— 2
—— — M*a,
h2

2me o
h? o
2me 9 a?
WS e
o

2me a? 42

2= - T 1m
2 2
h ag

giving

h? [ a? 9
e=— [(—=+m
2m \ a?
where m = 7%, a, is the radius of the cylinder, and « are the roots of the
Bessel function. If a, = R the the final desired energies of the particle in a

cylinder are
=5 () + (5] 5%



Chapter 7

Nondegenerate perturbation
theory

The basic idea here is that the true Hamiltonian H is close to an approximate
Hamiltonian H(® whose eigenfunctions and eigenvalues are known. The
difference HM) is called a perturbation. Higher order corrections such as

ao.

H®) .. can be included if desired. Usually though you will stop at

the first or second correction to either the energies or wavefunctions.

We introduce a parameter A to keep track of the order or alternatively,
the order of refinement of the solutions.

So 1st order corrections from H(1) have a \ in front of it.
2nd order corrections from H?) will have A2 in front of it
and so on in this fashion

Also A does not represent any real physical quantity. It is simply a
mathematical technique for keeping track of the order of approxima-
tion. In the end we will usually set A = 1 but the method is valid for
any fraction of A.

Our corrected Hamiltonian is therefore

H=H9 3 xg® 2@

where H©® is our unperturbed Hamiltonian whose eigenvalues and eigen-

vectors we know. Our wavefunctions and energies are

T = 0O g® 1 \29@) 4
e = €0 + eV + A2e@ + ...
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The results of perturbation theory are derived by taking the exact Schrodinger
equation HW¥ = eV and substituting in our above expressions for ¥ and e.
Next we group all terms with the same power of .

HO £ XHD + X2HO)[wO 4 Axg® 4 \2g@)]
= [€© 4+ Ae® + X2UOwO 4 2xgM) 4 \2g@)]

Ok things get complicated here. We will separately evaluate the left and
right hand side of these expressions. In addition, we will consider terms only
up to second order (i.e. drop A* and higher terms).

Left hand side

HOgO 4 NgOg® 4 \2g0)g@) ¢ 3gMg@) 4 \1gR)g@)
L OAHOTO 4 2O 4 3@ g0
+ XN H®gO

When we consider terms only up to second order we get

HOGO 4 A\ HOwO + gOgO) 4 \2gOg@ + gWg® 4 g gO)
Right hand side

OGO 1 A OpD 42205 L A3 DG | (1@ g®
+ AT 4 2OgM 4 N3 g
+ N2 p©)

When we consider terms only up to second order we get
O g0 4 )\[6(0)\1;(1) + E(l)g;(O)] + )\2[6(0)\1;(2) + Wyl 4 6(2)\1,(0)]

Now because the solution must be true for all values of A one can equate
the coefficients of power of A giving

HO O — (0)g() |

HOg® £ gOgO) = (O)g1) L (1)g0)

HOGE £ gOg0) 1 F@EO) — (0g@) 1 g 1 2)yO) \
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Let’s rearrange these expressions to get

(HO — 0w =9 (7.1)

(HO — coyg® 1 (FO —yg® — o] (7.2)

(HO — e g®@ 4 (M — M)yw®) 4 (H? — 2)g©) = ¢ (7.3)

The first of the three equations is our unperturbed case. It provides our
zero-order solutions. Nothing special here.
Now multiply all expression by ¥*(©) and integrate. Also let’s switch to
bra-ket notation so I don’t have to write out the integrals.
< 0O O _ Opp© 5 =
< 0O HO — O > 4 « O g® — OpO 5 =
< \P(O)’H(O) _ 6(0)’\11(2) S 4 < \II(O)|H(1) _ 6(1)|\1;(1) S 4 < \p(O)’H(Q) _ 6(2)’@(0) >
Now in the case of the first order and second order expressions the first
term in each case is zero.
< \I/(O)]H(O) _ 6(0)’\1;(1) -
< \II(O)|H(O) _ 6(0)’\11(2) >
this is because H(® is Hermitian H® = H1®_ So you can operate with
H®© on the bra and see that each expression will die. Alternatively, you
could also invoke the orthogonality of < ¥(©)| and |¥(1) > after operating
on the bra.
This leaves
< 0O H® — Mw® 5 = 0 1st order
< 0O FO — Op® > 4 <O — @v® > = 0 2nd order
Next let’s break each expression up and drop any zero terms. We get
< Q(U)‘H(l)’\p(o) > —eD) < \II(O)\\I/(O) > =
< \II(O)]H(I)|\IJ(1) > D) < \1/(0)’\1;(1) S 4 < Q(U)‘H(Q)’\I;(O) > —e@ < \II(O)\\I/(O) >
reducing to
< \II(O)|H(1)|\IJ(0) > ) =
<O HFOYO > 4 « gO g w0 5 ()
finally simplifying to
<O FOEO 5 =
<O OO > 4 « O F@gO
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Therefore for the energies we have the following first and second order cor-
rections to the zero order solutions.

V) —< PO O[O >

€ =< 0O FOwO > 4 < VO FO|E?) >

(7.4)

(7.5)

Note that to get the second order energy correction you already need to know
what |\IJ(1) > is. The same applies to higher order corrections and means
that this can get pretty tedious. Usually you stop at first order corrections.
So right now our second order expression is not necessarily in a useful form.
We will revisit this later after finding out what |¥™) > looks like.

Example 1, expression for ¢

Please calculate the expression for the third order correction €

H
v

€

3

3

= HO 4 XHO £ X2H® 4 X3H6) 4
= O 4 2o® 4 N20@) 4 N3e®)

€@ 4 A 4 X2 4 \3eB)

Plugging this into the Schrodinger equation we get

HO +  XHO + X2H@ £ BHEOI@O 4 g0 4+ \29@) 4 \3g6)]
= [e@ 4™ £ 22@ 1 X3ONwO f Ae® 4 X204 \3g0)]

Again, since this gets a little involved we will consider the left and right
hand side of this equation separately.

Left hand side

H©) g0

+ o+ 4+ + o+

+

AHOg® L \2g0)g2) L 3HgO)g6) 4 g1 g®)
NHOEB) 4 \6gG)gB)

AHO@O) L 2Oy 4 B3Oy 4 \4g@)g@)
AN HGg?)

NHOEO) L \3g@gM) L \ge)gd)

A HG) g0

We want the third order corrections here.



111

Right hand side

(0 (0) AT 1 \20)0g2) 4 230 gB) 1 N\MgB) £ \32gB) 4 \6.6)y3)
AeDTO 4 \2cMg@) 4 A3 MWg@) 4 N\ g2) L \5.6)p2)

A2e@p0) 4 A3 1) L \4B)pl)

A3eB)p(0)

+ + + +

We only want the 3rd order corrections here.
This leaves

HOWE) + O + g@g0) ¢ gEg0) — (0g®) | Hg@ & g ¢ B)gO)

Multiply both sides by ¥*(©) and integrate. Switching to the Dirac bra-ket
notation we get

(HO — e > 1(HD — e g@ > 1(H® — )M > 1(HO) — O)|w©) =

< \IJ(O)|H(0) _ 6(0)|\IJ(3) > 4+ < \II(O)]H(I) _ 6(1)’\1;(2) >
+ <O @ — gl > 4 < \p(o)’H(3)—6(3)|\p(0) >=0

the first term drops out leaving

<UD — Wp® > 4 <« O — D)) >
+ <0G — G)pO =9

becoming

< VOIHOP > —M « g0y > 4 <« gOFO|g0) > @) <« gO)gl) >
+ < 0O OO 5 ) c gO w0 =9

by orthonormality a bunch of terms drop out giving

<O HOW® > 4 < O g pd >
+ < \I;(O)‘H(i%)’\p(o) >—¢®)

Therefore our desired 3rd order correction is

€@ =< \1;(0)|H(1)|\p(2) >4 < \1;(0)|H(2)|\p(1) >4 < \IJ(O)|H(3)|\II(D) >

(7.6)
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Example 2, Particle in a slanted box

We have a particle in a 1D box with a slanted bottom. The perturbation

termis H1) = %x where V is some constant. The zeroth order wavefunction

. . . 272
is 0 = \/Esmw and the zeroth orther energies are e(®) = 2
a a 8ma

What is the 1st order correction to e(®?
From nondegenerate perturbation theory the first order correction is

M = <O FOPO >

/a<\/§nﬂx><v><\/§nwx>
= —sin—— — —sin—— | dx
0 a a a a a

2 a
= —<K>/ xsin2@dx

a\a 0 a

let b = n
a
2V @
= — xsin®bzdz
as Jo

1
where sin’br = 5(1 — cos2bx)

2V [1 [¢
= 3 [5/0 :U(l—cos2bx)da:}

V r a a
= 3 / xdaj—/ l‘COSZbI‘d:L’]
LJO 0
\% _.%2 a
= - 7]8—/ xcos2bxdm]
a” | 0
\%4 r,2 a
= — %—/ mcos2bxdw}
a” | 0
Solve the integral by parts. Let u = z,du = dz,dv = cos2bxdx,v =
QibsinQba:. We get
V Vi|x ¢ 1
= — — — |=sin2bx|} — —sin2
5 3 _2bsm bx |y /0 55 5in b:cdx}
vV Vi iz . 1
= 5 = _%sanbm\S + %%cos%m\g}
the first term is zero
vV VI[i1
= E — a_2 @0032b$‘8:|

the term in brackets is also zero



therefore

=Y

This is our desired 1st order correction.
The final corrected energies are then

where n =1,2,3, ...

Example 3, An anharmonic oscillator

Consider an anharmonic oscillator whose potential is U(x) =

Note that this problem does not require a lot of math.
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(7.7)

(7.8)

Calculate the 1st order correction to the ground state energy. We have

e = (n+

1
5)]11/
axQ

U o= NH(oﬂa:) T2

where oo = 77

The first order energy correction is

v/ 25 . and the normalization constant is N, =

€D —c GO OO

where H) = 6’)/33 We have

%/OO <NH(a2x) —>( )(NH(am)

N? / " [Ha(ob o)) Ha(od o)) dx

—00

(=2

Now if n =0 Ho(oz%x) =1 leaving

Y * 2
= EN,%/ 23e™0 dx
—00

1
_(2)4
n! \T

QIQ
T) dx

The first term in the integral is odd. The second is even. Now by symmetry
their product is overall odd and over the range of the integral it evaluates

to zero. Therefore

€ —

(7.9)
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This is our desired first order correction. So to first order the overall energies
are

= (n+ 3)hv (7.10)

Example 4, Another anharmonic oscillator

Calculate the 1st order correction to the ground state energy of an anhar-
monic oscillator whose potential energy is

1 1 1
Ux) = <ka?+ -2+ —ba?
(z) 2x+67x+24x
1
g - = —b
6796 +24x
1
€ = (n+§)h1/
OLCIJQ

U = N,Hy(aZz)e %

— i

where o« = %‘; and the normalization constant is N = ;nnl (%)4 and
1

Ny = (%) 4 if n = 0. The first order energy correction is

D = < \II(O)|H(1)|\IJ(0) >

e° a:c2 ]_ 1 an
- / <N0H0(04;37)€2) (6’}%3 + ﬂbm‘l) <N0Ho(azl)a:)ez) dz

We have already done the 1st term. By symmetry it drops out leaving.
b o 1 4 1 o2
= _—N? (Ho(a2z))(z%)(Ho(azz))e™ *" dx
24 .

where Ho(a% x)=1
b * 4 _—ax?
= —N; x"e dz
24 oo
this integral does not dissapear by symmetry

and must be evaluated

bN2 o]
= =20 / zte™ o dy
12 J_o

looking this up in a table of integrals

where

© 9 —ox2 135 2n 1)
Jo x"e dr = \/—
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: to 3 /T -
Our integral evaluates to g5 \/ . The expression becomes

BN [ 3 T
12 \8a2 a
_ bN§ [m
3202\ @
where Ng = \ﬁ giving
T

b
3202

where o

kup . .
= ﬁ giving
bh?
32ku

The overall energy with the first order correction is therefore

1 bh?
= “)h
e=nt g+ o
2

Wavefunctions

Now that we have the energy corrections, what about the wavefunctions?
Note that you will usually go to second order in the energies but only 1st
order in the wavefunctions. Note that this is also called the Raleigh Ritz
method.

We have ‘IIZ(O) which is our unperturbed wavefunction. We know that we
have corrections like

Uy = 00 A0 4 2200 4

A convenient way to express UM is as a linear expansion in unperturbed
wavefunctions which we will denote as \Ilg-o) or |j >. We then have

v =3 eyli >
j

and where ¢;; are weights representing how much of each unperturbed wave-
function is present.
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If we go back to our expression where we derived the 1st order corrections
in energy we have

(HO — Yy

(2

Wy (7O — Dy = ¢
H(O)@§1)+H(1)\IJ(D) — 62(0)\1/51)4-62(1)\1’5

)

0)

Now recall that \Ilgl) = Zj ¢ij|j > and replace into the above expression

HOY eyli > +HD)i> = d”Y eyl > +eVli >
j J

Z Cin(O)U > +H(1)|i > = Ego) Z Cij|j > +€z('l)’i >
j J

Recall that |j > are eigenfunctions of H ) since we expanded in the unper-
turbed basis.

Zcije§0)|j >+HMD|i> = 650) Zcij lj > +e§1)]i >

J J
O eyli > +HD)i > = 0 elj > +e)i>
J J

Next to start finding our desired coefficients ¢;; multiply both sides by < k|
which is a member of the unperturbed basis. Note that k # 4.

e Zcij <hlj>+<kHDi> = Zcij <klj > el < kli >
j J

DNy <klj>+ <kHV[i> = &3 ey <klj>

J J

Now due to the orthogonality between |k > and |j > the only terms in the
above expression that survive are those where k = j.

e,(co) Zcik‘—i— <klHW)i > = 650) Zcik
k k

Consolidate our desired ¢;; terms to get

S cinle)) —e”) = — < k|[HD|i >
k
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Therefore

< KHW}i >
X ORRRON

k €

<k|HM|i>
Cik = —~—o—o— 7.12
ik (650) _620)) ( )

These are our desired correction coefficients. Also recall that ¥(1) = > Cijli >
so you can see that the corrected wavefunction to first order is

. ElHD|;
U >= yz>+zk%|k> (7.13)
i k
The correction is
v = 3, Sk > (7.14)
Ei _Ek

Now that we have the 1st order correction to the wavefunction, we can go
back and express the 2nd order correction in energy in a more useful form.
Recall that

@ =< ¥ HOEY > 1+ < v HOw® >

where we didn’t know |\I'Z(~1) > before. Now that we have an explicit form
we can substitute it in. To make life even easier assume that the total
perturbation goes only to first order, thus H® = 0. We get

€@ — < pOE® >
3 < klHW|i ><i|HO|k >
(6" =)

The final expression is

2) _ <k|[HD|i><i|HD [k>
2 — >k @) (7.15)

This is a more user friendly 2nd order energy correction. Also note that
1 # k. This is called non-degenerate perturbation theory.
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Summary
e =< i|HD|i > (7.16)
EHW i><i| HD |k E|HM |i>|?
€@ =3 < \ <|O)>7<<\()) k> _ D < !0 - \0>| (7.17)
(61 6k ) (Ez ek )
O >= i >+ Ty SR > (7.18)

So you see that we will typically go to second order corrections in the energies
and only to 1st order in the wavefunctions.

What about 3rd order corrections?

Going back for the 3rd order non-degenerate energy correction €. Here is
an alternative expression where we don’t need to know ]\1152) > only \\Ilgl) >
Starting with

e —< v HO P > 4 < v\ H@ P > 4 < v EE)|p0
and with
(H = )wl + (HD - D)ye® = 0
(HO — Ne® 1 (5O — Myw 4 (5® - e§2>)q/(°> — 0

)

Using the second and third equations we will try and get rid of the first term
in the first equation. To do this, multiply the second expression by ¥*(?2)
and integrate. Multiply the third expression by U*(1) and integrate.

Second expression
From the second expression we get the following

\I/*(Q)(H(O) o 650))\I/£1) + \I/:(Q)(H(l) o 61(1))\1/50) -0
NHO — e > 4 < v@HEO - D s = o

giving

VPIHO - D s= - <P HEO - O
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where since H®) and H© and 6(1) and 650) are all Hermitian.

therefore

e = — < vWHO — 9P > 4 < v EOP" > 4 < v HOp® >

Third expression

Now from the third expression we get

O (HO — D) L g0 E® — Dygh 4 gOHE — g~ g
<¥MHEO - N9® > 4 < gW|EO - Mgl s 4 oW HEO — P9 s = 9
or
— < UV HO — 9?5 g HO — D1g® 5 4 < vV H@ — P)g© >

Finally using this last expression we can replace it into the result from
the second expression above to get

@ = —<¥WEHO - PP > 4 <P HOPY S ¢ < v EOY >
< oM E® — Wwh s 4 < oW HEG - P)el© )
+ < HO Y > ¢ < v EEE0 >
The only term that simplifies is the second one in brackets. It reduces to

< \Ilgl)]H(Q)]\IIEO) > since \\Ilgl) > and ]\IIZ(O) > are orthogonal. Now we get
for the 3rd order correction

e =< vWH® — Mg 5 4 «sWFOO > 4 < 0O HO D > 1+ < v EEE >

It is apparent that all we need to know now is ]\I/l(l) >

Using
< k|HM|i >
s = S SHEOE>
) (0 0y
L, <iHV|j >
vl = 2oy <)
j (€ _Gj)
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CHAPTER 7. NONDEGENERATE PERTURBATION THEORY

Now assume (to make life simple) that the Hamiltonian only has a first
order perturbation H® =0 and H® = 0. This leaves behind

4~ U -l >
= <vMHOPY > - < g ye ”y\y“
= < q/(”yH“)\\If(.” > —eP < M)

J

v (€
Nk >< k|HW]i > 0

B <ilHW[j>1 o <k|H1]z> e
— {Zq H Z(O)i)\k <vWg®

1) |\IIZ(1)

_ Z<z’]H( lj >< j|H®

kj#i

_ Z<Z|H

J
)i >< j|HY

(" = ") - )

Nk >< k|HD|i >

00

) <iHV|j >
€ Z (0) _ (0) < .7’
J (62 6] )

kji (€; j )(61(0) - Eg))

>

k

< k|HW|i >
L LA
Py

Nk >< k|HD|i >

B Z < ilHW|j >< j|HO

kj#i J

(e = )~ ¢

1) < i[HW|j >< jlk >< k|HWD]i >
-4 Z (0)

(e = )" -

)

kji
Now since we have < j|k > the only terms that are non-zero are those where
j=k
¥y <i|HO|j >< j|HO |k >< k|HDV|i > (3 <i|HW |k >< k[HD]i >
- 0 0)y,.(0 0 S 0 0
kj#i (GE ) 6; ))(EE - 62 )) ki (61(' ) — EIE; ))2
Therefore
3) <i|HD 5> <j|HD |k><k|HD|i> <i|HD |k><k|HD |i>
= ij;éz ©_0)y(0)_(0) o stﬁz CREEE
(" —¢ (e ) )?
(7.19)

M —< i|H

Z

Alternatively, € )|i > so that

3) _ 5 <i| HW i ><j|HD [k><k|HD]i>
- kj#i

(e 50) 65.0))( 0) _ (0))

(1) <i| HD [k><k|HD |i>
< Z|H( )|Z > Zk;ﬁz | (El(o),e((l)) |
% k

(7.20)



Chapter 8

Density of states

The idea here is that while the confinement of an axis gives rise to discrete
energies (as we saw in the previous section on confinement), in cases such
as the quantum well and quantum wire, there are additional states along
the unconfined axes (degrees of freedom). Here it is not practical to try
and calculate the energies of each state since they are actually continuous
bands or energies. As a consequence one way to get an idea of what the
energies look like is to perform the following density of states argument. So
when put together with the confined energies from the last section, these
density of states calculations provide a more thorough description of what
the electronic structure of 3D, 2D, 1D and 0D materials look like.

3 Dimensions (bulk)

Consider the volume in “k” space

Vi, = %ﬂkg
(k? = k2 + k; + k2) where for a particle in this sphere

2

ke = %
2

ky, = i
2

ke = L—”

Note that the 27 arises from the constraints of a periodic boundary condition
(Born-Von Karman conditions, named after Max Born and Theodore Von
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Karman) as opposed to the more general nm where n = 0,1,2,3.... The
volume of a given mode is then kykyk. The number of modes (N) in the
sphere are then

Vi | 3mk?

N = -
kokygh. 870

L.L,L.

Say the particle is an electron and we consider the spin degeneracy (up and
down), then we multiply N by 2.

’ %171']{3
N' = aN=23L.L,L
k3
= 3—2LxLyLZ total number of states in sphere
™

Consider the density

!

N K
P=L.L,L. 32

number of states/unit volume
Now consider the energy density defined as

,_dp_d(g’ir—sz)_ 1 dk?

== = = —a— 8.1
P = e de 3n2 de (8.1)
where recall k = 2h—"§€ (units of 1 over length) for a free electron or alter-
3
natively k3 = (2?"}—5) *. The expression becomes
3 3
r 1 2m\ 2 de?2
P =52 \ 72 de
3
1 (2m\is
P32 \72) o°
/ 5~
pop = 2 ()" V5 (8.2)

This is the “density of states” in 3 dimensions. Note the square root depen-
dence on energy. Note also that the energies of the system are
h2k?

e=5 (8.3)

where =\ /k2 + k3 + k2 and k. = 7222

Lryyvz
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Figure 8.1: Density of states in a 3D material (bulk)

Exercises

1. Calculate the 3D density of states for free electrons with energy 0.1
eV. Express your answer in terms of eV and cm?.

2. Assume the electron resides in a non-zero potential V. Express the 3D
density of states in this situation. Hint, just alter the expression for &
below equation 5.1.

2 Dimensions (well)

Here we have 1 dimension that is quantized. Let’s assume its the z direction.
The total energy of this system is a sum of the energy along the quantized
direction + the energy along the other 2 “free” directions. It is expressed as

Rk R2k?
_|_ -

2m 2m

Etot = =éen+éry (8.4)

where k? = k2 + k; and k, = 7% Consider now an area in k space
z

Ay, = wk?
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where for the particle

2

k, = —
T La:
2T

k, = —
Yy Ly

The area of a given mode is then k,k, with the total number of modes (V)
in the area being

WL k2L Ly
427"V 4

Again if the particle is an electron and we consider spin, multiply by 2 to
get

N =

k2L, L,

2

N =2N =

total number of states in area

Consider now a density

!

N K
L,L, 2m

p:

2me

where recall that k£ = aral

Replacing this above gives

me
p = —5— number of states per unit area
m
Now consider the energy density
rdp _m
de RPr
This is the energy density of the subband for a given k,(or ¢,). For each suc-
cessive k, there will be an additional % term and hence another subband.
Therefore the density of states is written

pap = =3, 0( —en) (8.5)

where © is the Heavyside function.

Exercises

1. Calculate the 2D density of states for free electrons with energy 0.1

eV. Consider only the lowest subband. Express your answer in eV and

em? units.
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Figure 8.2: Density of states in a 2D material (quantum well)

1 Dimension (wire)

Consider now the situation where there are 2 dimensions confined and only
1 degree of freedom (say the x direction). The total energy of the system
can be written as

R2k2 hPk2 2K
- -

v Y. el En+Em + &z (8.6)

Etot =

where k = k, = %—Z Furthermore along the confined directions, k, = %,
ky = 7% and m,n are integers. Consider a length 2k. The number of modes

along this length is
2k 2k kL,

N=—= = number of state along the line
kg (2_7") ™
Ly

Now if we consider an electron again, ensure to take into account the spin
degeneracy

N —oN — 2k Ly

s

Now a density is

N 2k 2 [2me

p=—=—=— 5 number of states per unit length
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Consider the energy density

o dp 2 [2mdye 2 [2m1 -1
O R de  w h225

1 [2m 1
- ;V?% (8.7)

This is the energy density for a given n,m value or (e,,&,, combination).
The complete expression taking into account all m,n combinations is

pllD = % %n; Zn,m ;6(6 - 5n,m) (88)

€E—€n,m

where again, © is the Heavyside function. Notice the inverse square root
dependence of the density of states with energy.

! H
)

-

d L. jzm Z ,__,_[___._.. 8(E"§mu)
/)ib T M,nﬁ Y g—‘f""/" '

Figure 8.3: Density of states in a 1D material (quantum wire)

Exercises

1. Calculate the 1D density of states for free electrons with energy 0.1 eV
above &, ,,,. Consider only the lowest subband. Express your result in
units of eV and cm?.
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0 Dimension (dot)

Here since all three dimensions are confined the density of states is basically
a series of delta functions. The total energy of the system is

R2k2 hPk2 B2
+ +

S 5 B Em + En + €0 (8.9)

Etot =

where m,n, o are integers and k, = 7%, k, = 7°, k. = 7= The density of
. x Y z
states 18

Pop = 0 (€ = Emm.o) (8.10)

2/,

/
/iw = d//f’ ;‘“/"/0)

Figure 8.4: Density of states in a 0D material (quantum dot)

Exercises

1. Compare and contrast the density of states in the 0D case to the
previous 3D, 2D and 1D cases.
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Chapter 9

More density of states

Density of states in the conduction band

To do this calculation we need to know the probablility that an electron will
occupy a given state of energy €. This probability, P.(¢), is refered to as the
Fermi Dirac distribution. In addition, we need to know the density of states
(p,) which we calculated in the last section. Recall that this density of states
has units of number per unit volume per unit energy. Therefore p'de is the
number of states per unit volume. The number of occupied states at a given
energy per unit volume (or alternatively the concentration of electrons at a
given energy) is therefore

ne(e) = Pu(e)p ()de

where the Fermi Dirac distribution is

Pfe) = — (9.1)

E*SE
1+ e *T
Here e is the Fermi energy (also called the chemical potential sometimes).
The total concentration of electrons in the conduction band is therefore
the integral over all available energies

nm:/mﬂ@ﬁ@% (9.2)

C

where £¢ is the energy where the conduction band starts. Consider the
density of states we just derived for a 3D (bulk) material in the previous
section, pé D-

3
/ 1 2me \ 2
P3p = By <7> Ve
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Now rather than have the origin of the energy start at 0, start it where the
conduction band begins (¢¢). This expression can then be recast as

3
’ 1 2m6 2
pgD:ﬁ( 52) e (9.3)
Replace this and the Fermi Dirac distribution into the above expression for
the total concentration of electrons in the conduction band to get

3
> 1 1 2 2
Ntot = / — (me> Ve —eode
g

c 1l+e T 272 h?
3
- L<2me>5/°° e
2m2 \ p? ec 1—1—6%
& 1
= A/ TEFVE—ECdE
ec 1+ e * T

oo
1
= A/ ooy VE —Ecde
ec 1+e ET
& 1

= A e—e ec—cRp V€_€Cd€

c
ec 1+ e *T e kT

(9.4)

Here, let n = 522 and p = ==¢£=E leading to

s 1
Niot = A / = Vndn
£

C

3

L. (2m<)? and A can be found from the above change of

where A = 5.7 ( 47
variables. Note at this point that someone has already solved this integral
and one can just look it up. The integral is called the Fermi integral or

Fermi Dirac integral. It is defined as follows and its solutions labeled F' 1 (n)

can be looked up.

Fi(n) = [° 14ldn

1 Tfen—n

However, to stay instructive let’s just consider the case where ¢ — ep >>
kT. In this case the exponential in the denominator of the Fermi Dirac
distribution will dominate and the expression basically becomes

1 ~ 1 e—ep

= e kT

E—ep T E—ep
1+ e wr e kT
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which has the Boltzman distribution form. Our expression for ng, becomes

Ntot = A/ 6_%15\/6—&“06[6 (9.5)

C

X le=ep)+Heg—ep)]
= A/ e kT Ve —eqo de

€0

Now change variables and let » = “7¢ such that ¢ = ec + zkT and de =

kTdzx. Note also that the limits of integration will change accordingly. This
leads to

Niot = A/ e_k_lT[(a_ECH(EC—sF)](:ck:T)%deas
0

o0

= A(kT)%e_S T e “rrda
0

The last integral is a common function called the Gamma function. It is
defined as follows

F(n):/ e 2"tz
0

and its values can be looked up in most reference books. In our case we
have T’ (%) Therefore ny,; can be expressed as

ec—¢ 3
ne = Nior = A(k:T)ge* ST <§>

To be consistent with other tsexts, we use n¢ in lieu of ng, at this point
and also define No = A(KT)2I' (3). This leads to the common textbook
expression

EC—EF

ng = Noe™ kT (9.6)

This is the expression for the effective density of states of the conduction
band.

Density of states in the valence band

The way this is calculated mirrors the approach for the conduction band
with a few minor changes. Again, we need the probability of finding a hole
at a given energy Pj(e). Likewise we need the density of states calculated
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in the previous section. We will calculate the number of holes at a given
energy per unit volume (or concentration of holes at a given energy)

nu(e) = Pu(e)p (€)de
where we use the relationship

P.(e)+ Pp(e) =1

This lead to

Pyle) =1~ — v (9.7)

The density of states is

3
/ ]. 2m 2
P3p = on2 (h—2h> VEV — €& (9-8)

where ey is the energy where the valence band starts. Consequently the total
concentration of holes in the valence band is the integral over all energies.

eV ,
Prot = / Pu(e)p (e)de
3
ev 1 1 2 2
— 00 1+6 kTF 27T h

For notational convenience let B = 2—71r2 (Q;L”—Qh) . This leads to

Nlw

ey 1
ptot:B/ (1—7ﬂ>\/ﬁv—8d5

—00 1+ e *T

Since, generally speaking ¢ < ep

gy 1
ptot:B/ (1—f>vé“v—5d€
_EtF—°¢
—00 1+e kT
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Approximate the stuff in parenthesis through the binomial expansion keep-
ing only the first 2 terms (where |z| < 1).

1
~ l—ao+a?—a>+2*+...
1+x
1 _ep—¢
— ~ 1—e kT +
EEE
1+ e ,T

Therefore

(1—71 — ) f:l—(l—(fq;;;g)szglizT_E
_cp—=c
14 e %7

Replacing this in the py,; expression gives

EV sEfs e
ptot:B/ e KT Jey —e de

—00

As with the conduction band case earlier, make a change of variables by
letting » = === as well as ¢ = ey — kT and de = —kTdx. Note that the
limits of integration change accordingly resulting in

0
Pt = B / el Er—eV)HEv=al\ kT o (—kT)dx

S stsV Evfs

= B/ e T e_T(k‘T)%x%d:c
0
B(kT)geglzT_E/ e r3da
0

Recall that the last integral above is the Gamma function. We get the
following expression upon recognizing this

Ptot = B(kT)ge_ L <§>

2

To be consistent with common notation and other texts p;; can be expressed
as

EFTEVYV

PV = Dot = Nye™ kT (9.9)

where N, = B (kT)%F (%) The last expression gives the effective density of
states for the valence band.
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Pe(2)De (5 )

. Ma,r/ bvles live near VB ﬂaéc
. Moot ¢lectrons lLve near 8 eée

Figure 9.1: Sketch of the electron and hole distribution functions, their
density of states and their population at the conduction and valence band
edges.
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Summary
Fermi level of an intrinsic semiconductor

If the bulk semiconductor is intrinsic, there has been no doping of the ma-
terial and hence no extra electrons or holes anywhere. In this situation

nc = pv

where previously we found that

jw

€ —€ 3
ne = Nee™ #r and N = A(KT)2T (5)

vjw

£ —E& 3
pv = Nye™ 5 and Ny = B(kT)2D <§>

This leads to

_EC—EF —EF—EV
Nce kT~ = Nye kT

or

5075F EF*EV
Ae” " kT = Be kT
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Njw

where A = %2‘ (2—27’2—5> and B = %2‘ (2—;?2&) and ultimately reduces to
3 eq—ep 3
mg e kT = mh e kT

_ECTEF EF—EV
e kT e kT m

3
2 —
e

oW

eﬁ(—€c+6F+6F—6v) _

S

2ep
e kT =

<m

QEE 78c+63: mh
e kT e kT = e
m

2ep

1n(625£) - 1n<%z>3
()

kT

+
%p = k;Tln(@) teo+ey
m

3
kT 2
2 Me 2
This yields the final expression
3
ep = 0 4 35T n () (9.10)

One can therefore see that at T' = 0 the Fermi energy of an intrinsic semi-
conductor is at the halfway point between the top of the valence band and
the bottom of the conduction band. Note also that since generally speaking
myp, > me the temperature dependent term is positive and slowly increases
the Fermi level position with increasing temperature. To a good approxima-
tion however, the Fermi level is at the midway point between valence and
conduction bands.

Exercises

e (Calculate the intrinsic Fermi level of silicon at 0K, 10K, 77K, 300K
and 600K. Note that £, = E. + F, and assume m, = 1.08m, and
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| 5.

- fF

— — — w—

i

Figure 9.2: Sketch showing the Fermi level position at 0 degrees halfway
between the conduction band and valence band positions.

my, = 0.55m,. Leave the answer in terms of Fy or if you desire look
up the actual value of E; and express the final answers in units of eV.
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Chapter 10

Even more density of states

In the previous section we ran through the calculation for the conduction
and valence band density of states for a 3D (bulk) material. In this section
we repeat the same calculations for materials with lower dimensions. In
particular we do this for 2D and 1D materials that are representative of
quantum wells and quantum wires respectively.

Density of states in the conduction band: 2D

We start with the Fermi Dirac distribution for electrons and also the density
of states (pl2 p) that we derived in an earlier section. Recall that

/ me
P2Dp = Z O(e —en)

hlr

Consider only one of the subbands. For example, we could choose the first
band.
In this case the density of states simplifies to

’ Me
P2D = 75
h2r

Now recall from the previous section that the number of states at a given
energy per unit volume (or the concentration of electrons at a given energy)
is

The total concentration of electrons in this first subband is the integral over
all available energies. Rather than use n;, as before let’s just stick to n.
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“n

//Bg/g///////// -
Lt bend

Figure 10.1: Conduction band density of states for a 2D material. The nth
band is shaded to distinguish it from the other subbands.

from the start

ne = /OO P.(e)p (¢)de (10.1)

where P,(g) = —=

=== is the Fermi Dirac distribution. Putting everything
14+e kT

> 1 med
R ) B2 ©
ec \1+4e*T
s / S
W ). =

7
c 1+ e &7

together we get

nc

Since the band really begins at ¢, as opposed to e¢ like in the bulk the

integral changes from
o0 o0
|~
ec En

Me /°° de
nC = 2 e—ep
hom Je, 14 e w5t

leading to
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if now € —ep >> kT

me [ _e—ep mekT _e—cp |~
nc = —3 e kT de = — 5—€ KT
hom Je, hom e

This leads to the final expression for the carrier density of the nth subband,
which in our example we assumed was the lowest one. Hence this is the
carrier density at the conduction band edge of a 2D material.

En—¢p

mekT —
3 €

o (10.2)

ng =

Density of states in the valence band:2D

As with the conduction band case we need the probability of occupying a
given state in the valence band. This is denoted P} (e) and is evaluated from

Pe(g) +Ph(5) =1
Ph(E) =1- Pe(E)

where P, (g) is the Fermi Dirac distribution leading to

1
Pyle)=1-—+
1+ewT
The number of states at a given energy per unit volume (concentration at a
given energy) is

np(e) = Py(e)p (¢)de

If, as in the conduction band case, we consider only the nth subband p = o
and for simplicity the first.
The total concentration of holes in this first subband is the integral over

all energies. We get

Ev ,
pv = / Pu(e)p (¢)de (10.3)
Ev 1
= / 1= — (@) de
—c0 1+€ BT h T
eV 1
= gf l-——7 | de
hem —00 1+ e &7
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Figure 10.2: Valence band density of states for a 2D material. The nth band
is shaded to distinguish it from the other subbands.

Since the nth (in our case the first) subband begins at ¢, rather than ey as
in the bulk, the limits of the integral change

ey En
—00 —0o0
The expression becomes

En 1
pv=@/ - ———— | de
o ) —oo 1+ew

Since for the valence band € < ep

En 1
PV:@/ - | de
r ) o 14+ e "rT

Apply the binomial expansion of the term in parenthesis to simplify, keeping
only the first two terms. Recall that

1
=1- 2o+
152 r+x x° +
1 _ep—¢
—— =1—e kT 4 ...
14+ e %7
such that
En em—g kT ep—c|m
pv—@/ e*jdeszmhz e~ kT
A J_ o h*m oo
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This reduces to our desired final expression

py = 28T o= (10.4)

Fermi level position:2D

The procedure for finding the Fermi level position is the same as in the 3D
case. If we assume an intrinsic semiconductor with no doping such that
there are no additional electrons or holes present

nc =pv
then
mekT _Enl—€EF mhkT _EF—¢&n2
5—€ kT = 5—¢€ kT
hém hem

Note that n; and ne have been used to distinguish the start of the conduc-
tion band subband and the valence band subband respectively. The above
expression reduces

6%(—6n1+6F+6F—6n2) — mh
me
2
e_ﬁ(enl“l‘e'rﬂ)"r% — mh
Me
_fnitena 2p mp
e kT e kT =
Me
2efp mp en1ten2
e kT =
Me
2£F mh en1ten2
ln<ekT) = In{— —l—ln<enkn)
Me
2ep mp Enl + En2
— = In|[— )+ ———=
kT Me kT

%p = kTIn (%) + En1 + En2
Me

resulting in the final expression

ep = Enl‘ge'rﬂ + %ln (;Z_:) (105)

As before, since my > m, the second term is positive and grows slowly
with increasing temperature. To a first approximation however the Fermi
level is midway between the valence band beginning and conduction band
beginning.
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Density of states in the conduction band:1D

We start with the Fermi Dirac distribution for electrons and the density of
states (p,p) that we derived earlier. Recall that

/ 1 /2m, 1
= — @ —
Pip = 7\ 32 Zmnm S

where © is the Heavyside function.
We consider only the (m,n)th subbband beginning at energy e, . For
convenience we could say this is the first subband.

/ \\/?

x>

-

N
e
) Y7

(m,n) +h 6N"9/

Figure 10.3: Conduction band density of states for a 1D material. The
(m,n)th band is shaded to distinguish it from the other subbands.

The number of states at a given energy per unit volume (or the concen-
tration at a given energy) is

ne(e) = Pu(e)p (¢)de

The total concentration in the first subband is the integral over all possible
energies

ne = / Y Pe)p (e)de

where as before the Fermi Dirac distribution is

1
PE(E) = e—ep
14+ e *7
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On introducing this, the total expression becomes

nc

&0 1 2me 1

_V —
/EC 1—|—eE;6F m h2 € —E&mm

1
\ / / de
ec 1 + e kT € _ gmvn

de

Since the band actually begins at €, , the limits of integration become

Therefore

1
ng = —
T

Ife —ep >> kT

leading to

nc

Make a change of variables and let x =

o0 )
EC Em,n
0 1
/ — de
Emn €~ Emn

1—1-657

2Mme 1

h?

EfEE
— s e kT
E— EF
14 e *T
1
\ / — / —de
h Emun VE—Emn
2m6 __E—”¢&m, n+5m E-Em,nTEém,n—E€p ]_
5 de
h €~ Emyn
_e— em n _Emn—EfR 1
2 kT de
h €~ E&mmn
Em,n—EF o0 _ &7 &myn 1
- —2@ T e kT de
T h Emun € —Emn
6_,:;"" such that € = €, ,, + kT'xz and

de = kTdx. Also make corresponding changes to the limits of integration

resulting in

nc =

2me Em n cF

VT

s

_1
TxTa2dx
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Recall that the last integral is the Gamma function

\Y kT 2me _Efmn—¢Ff (1)
nc=-—\—5¢€ F R
T h 2

The final expression for the carrier concentration of a 1D material at the
conduction band edge is

ne = 1, /BT =4 E (1) (10.6)

Density of states in the valence band:1D

The way this is calculated is very similar to that for the conduction band.
However, a few of the terms change slightly in appearance. As before we
need the probability of occupying a given state in the valence band. We also
need the density of states calculated in the previous section. The occupation
probability is calculated from

P.(e)+ Pyr(e) =1
Ph(s) =1- Pe(€)
Here P.(e) is the Fermi Dirac distribution leading to
1
Pie)=1- —
14 e ®T
The density of states is

' 1 /2my 1
= — @ & — £
plD T h2 m§ < \/m ( m,n )

where © is the Heavyside function and the band explicitly starts at e,
causing its presence in the square root denominator. Now if we consider
only the (m,n)th band, (and for convenience that could be the first one)
the expression simplifies to

, 1 \/ 2m;, 1
P1D = T 72 e — €
The number of states at a given energy per unit volume (or concentration
at a given energy) is

() = Py(e)p (€)de
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Figure 10.4: Valence band density of states for a 1D material. The (m,n)th
band is shaded to distinguish it from the other subbands.

The total concentration in the subband is the integral over all energies

w o= | Y Pue) () de (10.7)

—00

eV 1 1 /2my 1
= 1-— — = | — —2—d€
—00 14ew )TV A7 Vemn =€
1 /2 ev 1 1
= —,/@ / 1— — de

Since the band begins at €, ,, rather than at ey as in the bulk, the limits of
integration change
Ev Em,n
/ - / (10.8)
—o —0o0
The expression becomes

1 [2my [cmn 1 1
v = — 22 1- e—ep d€
™V J 1+ e *T E€mmn — €

Furthermore, since € < ep

1 /2my /Emv" 1 1 1 d
pv="1\"3 - o= | —=te
N 14+ e ) Vemn —¢
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Using the binomial expansion and keeping only the first two terms

1
= 1—:C+x2—:c3+...
1+x
N RPEE S
_EF—¢
14+ e /T

the term in parenthesis becomes

1 _EE7€
l1—— | =¢e kT
_€F75
14 e 75T

th EF € 1 . 4
pv = €
B2 VEmm — €
2my, [ _ep—emntemn—c 1
= A\ = e~ k. —ds
\/ h Emmn — €
2my, [ _ep— Em n _&mmn=¢ 1
= \ | — e T ———de
h VEmmn — €
2my _er- . 1
= — —e ——de
T Emm — €

yielding

(10.9)
To simplify, make a change of variables. Let z = ﬂkl}’—e ore =cmy—klx
and de = —kTdx. Note also the corresponding changes in the limits of

integration.

1 [2my, _cr—emn /0 |
= 4/ Lle T T et ——(—kT)dx
o= gV e L T
EF—E€m,n o0
\/ 2mh r=em, / .
0

T h2

The resulting integral is the now familiar Gamma function. This lead to our
final expression for the total concentration of holes in the valence band

1 /2mukT —SE_‘m.n

pv = 5o/ e o T (5) (10.10)
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Fermi level position:1D

This evaluation goes the same was as for the 2D or 3D material. If we are
dealing with intrinsic semiconductors with no additional doping

nc = pv

From what we have just evaluated

1 [2m.kT 1 R 1 [2mpkT 1 _EF—Em2.n2
— I'f=1e kT = — T'l=])e kT
T\ B2 2 oV B2 2

Here note that €,,1 1 and ;2 2 are used to refer to the energies where the
conduction and valence bands begin repsectively. This expression reduces
as follows

_&mlnl—EF _EF~fm2,n2
/Mmee kT = Jmye kT
_ (_E'ml,n1+5F+5F_5m2,n2) mp
e kT — _n
Me
€ml,n1tem2,n2 2ep myp,
e kT e kT = -
Me
2ep mp €ml,n1tem2,n2
ekT = —e kT
Me
1
2ep mp \ 2 €ml,nltem2 n2
In (eITT> = In|— +Inf(e kT
Me
1
2ep 1 [T 2 n Emlnl T Em2,n2
kT Me kT
kT mp
2ep = 7 In m— + Eminl + Em2,n2
e
This leads to our final expression
€ +e
ep = Smbnitemzag | KTy, (%) ‘ (10.11)

Since my, > m, the second term is positive and as a consequence the Fermi
energy has a slight temperature dependence. However, as before, to a first
approximation, it can be taken as the midpoint between the conduction
band and valence band energies (the zero temperature limit).
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Chapter 11

Joint density of states

In the previous sections we have calculated the “density of states” in both the
conduction band and valence band separately. Interband transitions occur
between both bands giving rise to optical transitions of the semiconductor.
As a consequence it is instructive to calculate the “joint” density of states
which is proportional to the absorption coefficient of the material.

3D bulk

We derive the density of states again as done previously. Consider a spherical
volume of

4
Vi = §7rk3

The volume of a given mode was, recall k k k. where

2T

k, = —
X Lx
2

k p— —_—
Yy Ly
2

k, = —
z Lz

The number of modes or states in the given sphere is then

Vi aTk?
N = = L,L,L.
kokyk, — 83 Y
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For an electron, multiply this by 2 to account for spin

N = 2N =23
8
k.3
= ——=L,L,L, total number of states in sphere
32 Y
Consider as before, the density

’

N K
- L,L,L, 3n?

number of states/unit volume

p

Now consider the energy density

¢ P 14
= —— alternatively —

dk

Note that previously we solved for 40 This time however, let’s solve for %.

E.
3
d 1 2 2
d—g = o (h—?) V€ (previously)
dp _ k¥
pr 7r2( is time)
Starting with the energy density
’ dp k’2

divide by 2 to go back to only 1 spin orientation since in an optical transition
spin flips are generally forbidden.

/ 2
’ p2 k
= — = — 11-2
This expression applies to either conduction band or valence band. Applying
the following equivalence

pj(e)de = py(k)dk (11.3)
we obtain
/ dk
pi(e) = Pl(@@
k2 dk

= —— 114
212 de ( )
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where p; is the desired joint density of states. Now from the conservation of
momentum, transitions in k are vertical such that the intitial k value in the
valence band is the same k value as in the conduction band (k, = ky = k,
where k, is the k value in the valence band and k; is the value in the
conduction band).

\ VI3

Figure 11.1: Cartoon showing momentum conserving vertical transition be-
tween the valence band and conduction band in k space

The energy of the initial state in the valence band is

h2k2

Ea = Ev
th

Likewise the energy of the final state in the conduction band is
Rk}
2me

Ep = Ec +
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The energy of the transition is

E = gp—¢q

h2k? h2k2
(B8

h2k% h2k?

Rk 1 1

where e, = €. — £,. Now from above

de _ 42, Met me
dk MeMp,

leading to the desired expression

dk 1 meMp,
ak 1 [ memy 11.6
de K’k <me+mh> o

Since pj(e) = gk,r—22 (?Tl;)
@ = (L) (e ) k(e
Pj o o2m2 \R%k) \me+mp ) 27282 \me +my,
kp

_ 11.7
2m2h? o

where for notational simplicity we have used the reduced mass p = %

Now to continue towards our final expression, explicitly describe what k is

h?k?
€ = g4+ 2_,[1,
|
2p(e — &g)
2 g
e
or
2u(e —¢€
o V21E — &) (11.8)
h
Replacing this into our main expression for p; gives
7
i(e) = —=k

() e
272h? K2
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which after some simplification gives

pile) = = (%) ve=ss (11.9)

M v

2
..._{’—— -7 =
/iu/}\f(i): 477—7.\/“%%“/%’) v f-fj

Figure 11.2: Joint density of states for a 3D material (bulk)

2D well
As we did before, consider an area in k-space of
Ap = Tk?

where the area occupied by a given mode or state is kyk, (we implicitly
assume that k, represents the confined direction)

2T
k, = —
Y Ly
2T
k,= —
zZ Lz

Together, the number of modes in the area is

Ap wk? k2
N = =—L,L,=—L,L
kyk, 4r2 V77 4x YT
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Multiply by 2 to account for spin

/ k2
N =2N = %LyLZ
Now consider the density
N k2
= = 11.10
P=T,L.  2n (11.10)

with the energy density given by

’

ap
dk

= op or alternatively
de

Note that previously we solved for Z—’E). This time, however, let’s consider %.
dp m ]
d_E = 7? (previously)
dp ko
Ik = — (this time)
T

Starting with the energy density
¢ dp _k

A
divide by 2 to get rid of the spin since formally speaking, spin flip optical
transitions are forbidden.
’ p/2 k
=== 11.11
P1 5 o ( )

Now applying the following equivalence

pj(e)de = py(k)dk (11.12)
one obtains
/ dk
pile) = AL
k dk
= i (11.13)

where p; is the desired joint density of states. As before in the 3D case, the
conservation of momentum means that transitions in k-space are “vertical”.



157

That is, the initial k value in the valence band is the same as the final k
value in the conduction band (k, = k;, = k) where kq(kp) is the valence
(conduction) band k values.

The energy of the initial state in the valence band is

h2k?
fa T En2 T
h

Likewise the energy of the final state in the conduction band is

h?k?
€p = €En1 +
2me
The transition energy is
€ = €p—¢Eq
Rk (1 1
= €Enl —Ep2+—F— | —+—
2 Me My
h2k?
= —_— 11.14
Eg + 2,& ( )

where ¢, (effective band gap, not to be confused with the bulk band gap)

= ep1 — En2 and p is the reduced mass yu = %ermh; This leads to

de W’k
dk
or
dk W
— = L= 11.15
de R’k ( )

such that when replaced into our main expression the desired expression for

the joint density of states is

pile) = & (g%g) = b (11.16)

1D wire

Consider the length in k-space
Ly =2k
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Cmt (5) = 2
TTh”

Figure 11.3: Joint density of states for a 2D material (quantum well)

The length occupied by a given mode or state is k, where

27
ky =—
T La:
The number of states in the given length is
Ly, 2k kL,
N = — = —L =
k. o T

Multiply this by 2 to account for spin

kL
N/ =2 L total number of states

s
Consider the density
N 2
p = — = — number of states per unit length
L, T

Then the energy density is

/
= op or alternatively ap

de dk

Previously we solved for ‘C—ilg

dp L fm1 o
= 2\ 72 NG (previously)
dp

2
A (this time)
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Starting with the energy density

’ dp 2
=—=— 11.17
P2 dk ( )

divide by 2 to consider only one spin orientation since spin flip transitions
are generally forbidden.

Now apply the following equivalence

py(E)de = p) (k) dk
leading to

PN

. — k) —

pie) = ML
1dk

— 11.18
7 de ( )

where p;(¢) is the desired joint density of states. As in the other two cases,
3D and 2D, the conservation of momentum means that transitions in k-space
are vertical so that k, = k;, = k. Here k, is the k value in the valence band
and k is the k value in the conduction band.

The energy of the initial state in the valence band is

h2k?
€a =Em2n2 — 7
2mh

Likewise the energy of the final state in the conduction band is

h2k?
€a = Eml,nl + m
e
The transition energy is
E = €&p—¢€q

Rk 1 1

= Emlnl —Em2n2 + 5 . + nTh

e
h2 k2
= g+ (11.19)

2p
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where €5 = 1,01 — Em2,n2 and the reduced mass p = T;”ﬁ—ﬁf; This leads to

2

de K%k
dk — u

or
dk 7
—_— = — 11.20
de R’k ( )

Since pj(e) = 717% the joint density becomes

| =

(o) = M
p](s) ﬂ_hQ

Now to continue towards our final expression we express k fully. Since
— R2k?
€ =¢g+ T, we get

2p(e — &g)
]6'2 —_ h2 g
l
2p
k = h—2(€ —&g)
il
1 h

This leads to the final expression for the joint density of states

pi(e) = 1\ sz A= (11.21)

or more directly analogous to last time

_ 1 f2u_ 1
iz VR =

Note that the singluarities are referred to as Van Hove singularities. In
the case of real quantum wires, they are probably smeared out by Coulomb
effects.

(11.22)
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T 267
Figure 11.4: Joint density of states for a 1D material (quantum wire)

Summary

Now that we have the explicit joint density of states for 3D, 2D and 1D
materials we can summarize their implications for the absorption spectra of
these materials. It can be shown that the absorption coefficient and joint
density of states are proportional to each other. The calculation to achieve
this involves Fermi’s golden rule and will not be discussed at this point. To
summarize

e 3D: pj x /e — ¢4

e 2D: p; o constant depending on the reduced mass

e 1D: p; \/El_—sg
e 0D: pj xx (e —&p)
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/A
(2D)

wel/
C20)

wire
(1h)

! l / | &/&%

Figure 11.5: Summary of the joint density of states for 3D, 2D, 1D, and 0D

materials
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Chapter 12

Absorption

A geometric derivation of exponential attenuation

Here we derive the standard exponential attenuation law of light being ab-
sorbed by a solid. Picture an incident beam of light with an initial intensity
of I,. Picture next a bulk solid which can be divided into very small slices
or “slabs” of thickness Az. The whole solid consists of n slabs placed back
to back such that the total thickness of the solid is z.

Next, each slab absorbs some light and transmits the rest. In each slab
a fraction (1 — f) of the impinging light is transmitted. Here 0 <= f <= 1.
So initially we have I,. After the first slab you have a residual intensity
of I = (1 — f)I,. After the second slab you have a residual intensity of
I =(1- f)%I, and so on.

The general expression for the residual intensity after n slabs is therefore

I:(l_f)nfo

To derive the exponential attenuation law, re-arrange this into the fol-
lowing

I n
EZ(l—f)

This is the fraction of the incident intensity that makes it through n slabs.
Recall now that x = nAz giving

1 =
I—O:(l—f)m
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Next, to simplify the notation let p = (1 — f) yielding

where 0 < p < 1. This can be rearranged as

I 1 \Z
E = )

I,
(1=
o\

where note that % > 1. Now note that p is a constant. In addition, Az is a
constant. Therefore, call the whole thing some other constant, say y.

where recall that y can be expressed alternatively as y = e/™. This gives

Fe )
Io

Next, since y is a constant, so is Iny. Call it a giving

where « > (0. This leads to the popular expression for the exponential
attenuation of light in a solid.

(121)

where « is called the absorption coefficient.

Alternative derivation

There is an alternative derivation of the exponential attenuation law. The
argument goes as follows:

(a) The change in intensity of the light is proportional to the thickness
of the solid.

Al x —Azx
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The negative sign is to indicate attenuation of the light in the solid through
absorption.

(b) Next, the absolute change in intensity on attenuation is also propor-
tional to the intensity of the light.

Al < I

(c) As a consequence, the change in intensity is also proportional to the
product of both independent variables

Al < —IAzx

Call the proportionality constant « giving

Al = —alAzx
AT
Ar -

Next, if one lets Al and Az become infinitesimally small one gets

d = a1 (12.2)

which is a first order differential equation that is easily solved.

dl
T = —adx
InI = «x+ const
or
I =1 (12.3)

This is our exponential attenuation law again.

Conventions

In dealing with the absorption of materials there are various conventions.
In bulk solids it is common to see

I=TIe ™ (12.4)

where « is the “absorption coefficient” and is generally expressed in units
of em™! when [ is expressed in cm units.
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In more molecular-like systems it is common to see
I=TI,e ™ (12.5)

where ¢ is the “cross section” having units of cm? and n is the concentration
of absorbers in the sample in units of number/per em? and [ is the pathlength
expressed in units of cm.

By comparison one can see that if one needs to relate a and o

a=on (12.6)

but this shouldn’t be necessary since in one case one has a bulk solid and in
the other case the assumption is of a molecular-like material (quantum dots
for example).

Finally, when dealing with molecular-like materials it is common to see
the everyone’s favorite Beer’s law.

A=ecd (12.7)

where A is the “absorbance” or “optical density (OD)”, € is the molar ex-

tinction coefficient in units of (M ~'em™1), ¢ is the concentration in units of

(M) and finally [ is the pathlength in units of cm.

Sometimes it is of interest to convert between extinction coefficient (e)
and the absorption cross section (o). This can be achieved in the following
fashion

A =ecl

where we also know that A = log(%) and where T = ]io is the transmittance
of the sample. Thus

1
A=log(=>) = ecl
I
and from the exponential attenuation law we know that

6—crnl

I,
Note that c is in units of M and n is in units of number/cm3.

loge®™ = ecl

(onl)loge = ecl
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Drop the [ terms on either side since they are both the same.
(on)loge = ec

Let’s now convert ¢ to the same units as n which is in terms of number of

absorbers per em?3.

cN,
dm3

c(mol/l) —

where recall that moles times Avogadros number is the number of absorbers
and that 11 = dm3. Next convert from dm to cm by recalling that 1dm =
10em.

cN,

c(mol/l) — m =N
therefore
., 11000
— Na

This means that our previous equivalence becomes

1000
(on)loge = en N,
or
__ €1000)
~ loge(Ny,)
_ §2.303N)(a1000)e (12.8)

where the 2.303 comes from @.

Exercises

1. A solution with a dye concentration of ¢ = 4 x 107% M has a molar
absorptivity of € = 1.5 x 10° M_lcm. It is illuminated with green laser
light at A = 514.5 nm and with a power of P = 10nW. (a) What
is the percentage of light absorbed by the sample after 1 micron. (b)
Calculate the number of photons per second absorbed by the sample.

(¢) Calculate the cross section of the molecule in units of ¢m? and A2.
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2. dilC1 is a popular dye in single molecule experiments. If one wants

to image individual dil molecules one needs sufficiently low coverages
on a microscope coverslip. Let’s say no more than 10 molecules per
square micron. (a) If 10 microliters of a dil solution spread evenly on
a 4 mm diameter region achieves this coverage, what is the molar con-
centration of the dil solution. (b) This dil sample is then illuminated
with 543.5 nm (a green HeNe). A uniform 100 nm diameter spot is
illuminated with an excitation rate of 3 x 10'° photons per second.
What is the incident excitation power, P? (c) Next, a single dil mole-
cule being illuminated absorbs 2.3 x 10° p/s. Calculate the absorption
cross section and the molar extinction coefficient of dil (a 1 cm cell
may be assumed).

Colloidal CdSe QDs overcoated with ZnS are all the rage today. Look
up a paper by XG Peng in Chemistry of Materials and from his data
provide the range of absorption cross sections (o) at the band edge
for QD sizes between 2 nm and 6 nm in diameter. Express the same
range in A2 and then compare this to the physical size of the dot.
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Chapter 13

Interband transitions

Interband absorption in semiconductors

Although we haven’t discussed the concept of bands yet, there are so-called
bands in semiconductors, namely the conduction band and the valence band.
These bands are composed of accessible states to the electron and hole. We
generally speak of electrons in the conduction band and holes in the valence
band. The transition which promotes an electron from the valence band to
the conduction band through the absorption of a photon is referred to as an
“interband” transition. Alternatively, transitions within a given band are
called “intraband” transitions. Now in what follows we will assume that we
are dealing with direct gap semiconductors.

The transition rate for absorption is given by Fermi’s (second) Golden
Rule. Note this is also sometimes abbreviated and expressed as the “Golden
rule”. Its basically a quantum mechanical way to derive a rate for a process
and is analogous to a classical rate. The initial state (i) to final state (f)
transition rate, R;_, given by Fermi’s Golden Rule is

Ri_y = ZM2p;(0) (13.1)

where | M| is a matrix element linking the initial and final states and p;(€) is
the joint density of states. Here is where your density of states calculations
start to pay off. Notice that the transition rate is proportional to the joint
density of states which you have just calculated for bulk, 0D, 1D and 2D
materials.

173



174 CHAPTER 13. INTERBAND TRANSITIONS

Time dependent perturbation theory

We will work in what is referred to as the Schrodinger representation. Note
for future reference that there are three picture of quantum mechanics, the
Schrodinger representation, the Heisenberg representation and the interac-
tion representation. Usually when doing time dependent perturbation the-
ory, the interaction representation is preferred. But we will get the same
expressions this way as well.

The general Schrodinger equation is actually written as

0
’LTLE\I/(’I“, t) = HY(r,t) (13.2)
where H = —% 4+ V and V is a potential perturbation which can be time

dependent. Note that the wavefunctions depend on time now. We look for
solutions of the form

U(r,t) = W(r)f(t) (13.3)

To keep the notation more compact, reduce this to ¥(r,t) = ¥f. Replace
this into the general time dependent Schrodinger equation.

0 h2Vv?2
ih— (W = |- LG
() < A +V> /
L Of h2v?
AW— = - L Vo
BT 2m U /
! h2 "
hvf = ——fU +VUf
2m
Consolidate the f and ¥ terms giving
’ 2
mqff? = —;—mqf” +VU
or
ihle = § |- E&v" +ve (13.4)

You will note that the left hand side is dependent only on time and that the
right hand side is dependent only on position. To be equivalent both sides
must equal a constant which we call e. (turns out to be the eigenenergy or
eigenvalue)
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Left hand side

oS
th— = e
f
f e
f h
which we integrate to get
€t
l = ——
nf -

The desired time dependent function is

ft)y=e"% (13.5)
Right hand side
N
— |——" vl =
\IJ[ 2 +V } €
h2

V' 1 VU = 0

or

HoU = U (13.6)

This is our usual eigenvalue and eigenvector problem. Solving this we get €
and ¥(r).

Putting everything together, the general form of the wavefunction is

W(r,t) = W(r)f()

or more explicitly

—iet

U(r,t) =U(r)en (13.7)
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Time dependent perturbation theory now

The basic idea of time-dependent perturbation theory is simple. First un-
derstand that if the perturbation (call it V') were absent, the eigenfunctions
appropriate to the problem would be given by the equation

OGO _ 0)g©)

If the initial state is expanded in terms of these unperturbed eigenfunc-
tions

ie(o)t

U(t=0)=) Cpe # UO(r)

where C), is a constant, then in the absence of a perturbation we would have
for all times

1c(0)
Ut >0) =Y Coe H 0O(r)

where again C,, is a constant.

If the perturbation is present however, the above linear combination is
no longer a valid solution to the Schrodinger equation.

But we can still express whatever true solution exists as a linear com-
bination of the un-perturbed zero order wavefunctions provided that the
coeflicients are now time dependent.

Wrt) = Y Cule T 0@
= > Ca(t)Tn(rt)

So let’s go ahead and start deriving some results of the time dependent
perturbation theory.

Plug our time dependent form of the wavefunction back into the general
time dependent Schrodinger equation.

dV(r,t)
dt

where H = HO + V(t) or H® 4+ HM(t). Use whatever notation that suits
you. We then have

th

= HY(r,t)

dV(r,t)
dt

ih = (H(O) + H“)) U(r,t)
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Ok since the notation gets wild, we're going to drop the (¢) in Cy(t). Just
understand that the time dependence is implied. Furthermore, just work
with W, (r,t) instead of the full expression.

[H<O>+H<1>};Cn\pn(r,t) - z’h%

> CuWn(r, t)]
> CuWn(r, t)]

d
0N CoW(rt) + HVS " Cu0,(rt) = ih—

Expand the right hand side using the Chain rule.

D)ZC\II (r,t) + HY ZC’\II (r,t)

d\I/ (r,t) dC,
= \IITL 3
[Tt sy t)]

H(O)ZC\I! (r,t) H(l)ZC’\If (r,t)

_ thcd\lj ’l“t

The first terms on the left and right side of the last expression will cancel.
To illustrate let n = 1 for example.

d\Ill (7’, t)
dt

iel0y i ie®
HOCU (e 7 = ihC1¥(r)e” 7 [ ———

cancel common terms

HOU (1) = Vv (r)

H(D)CI\III (7’, t) = ihCl

which is our favorite eigenvalue and eigenvector relation. The sample applies
for all n so that we are left with

D3, Culy(r,t) =ik Yy, Xn, (r,t) (13.8)

Now we desire to solve this expression for the time dependent coefficients
of some state say k.
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Multiply both sides by \Il,(go)*(r) and recall that all states n # k of the
same basis are orthogonal.

\II(O ZC’ U, (r,t) = zhz \I/(O YW, (7, )
Zc v HEO®, (1) = hz \1:<0 )T (7, )
0)* leglo)t (0 ieglo)
ZC U HOOO (r)e= 7 = mz 2y (1O (r)e

Where n = k on right side

el dc, il
ZCn<k]H(1)]n>e_ N R
n

dt
Multiply both sides by e™#»  to simplify.
B dc,
ZC’n<k|H(1)\n>e* e = ik
~ dt
(0) _.(0)
2(5 —en )t dC
S Cn<klHVn>e7 — = in—=r
dt
n
(0 (0)
Let wg, = = since Ae = hw yielding
, dC,
ZC’n < k|HW|n > ¢wrnt = ih—2
dt
n
or better yet
W% = S C < k|HW|n > et (13.9)

This is basically a system of simultaneous linear differential equations.
In matrix notation

01 V11 mzeiwlﬂ e Cl

d Cy VQlefiwut Voo - Cy
h— | Cs | = .. .. C
? dt 3 3

Ck
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Now what? This expression is pretty tough to solve. So to overcome this
problem you apply time dependent perturbation theory (which is basically
making some assumptions about the size of the perturbation and in turn
what C1,Co,Cs, ... are).

To illustrate, suppose the system starts out in state 1. Then

Ci(t=0) =
Cot=0) =
Cht=0) = 0

and so forth.
If there are no perturbations, then the system stays in state 1 forever.
Our zeroth order approximation is therefore
Ci(t) =
Co(t) =
Cs3(t) =

Cp(t) = 0
To get our first order approximation insert these zeroth order values into
our matrix yielding

d .
z’h% = Cpo1 < K|HW|n =1 > e@rn=1t

dcy, 1 .

— = —C,- k H(l) -1 Wrp=11

dt inCn=t <KIHn=1>e
where ¢,—1 ~ 1
yielding

Cit) = & [T < K[HD|n =1 > et gf’ (13.10)

Note however that when integrating % there is actually a constant of

integration that comes out.
1t o,
Ck(t) = const + _h/ < k!H(1)|n > ei@hknt gt
th Jo

where const = Ci(t = 0) = dx,. Replacing this into the above expression
gives

1 [t L
Cr(t) = Ci(0) + E/ < KHO > et gy
0
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or your standard textbook expression

Cilt) = Opn + & [ < K|HD|n > elwnt gt (13.11)

Summary
COt) = 6in (13.12)
CV(t) = & [1 < k| HO|n > elownt gt (13.13)

Two level system, sinusoidal perturbation, Schrodinger
representation

Let’s illustrate our results with a more concrete example and for simplicity
keep it to two levels (a two level system, TLS).
Recall that our time dependent Schrodinger equation is

d
h—W = HVU
mdt (ryt) (r,t)

where H = HO® + g
d
ih—W(rt) = (HO + HOYW(r, 1)
Now recall that a general solution to this time dependent Schrodinger

equation can be expressed as a linear combination of the unperturbed zero
order wavefunctions, provided time dependent coefficients.

U(r,t) = C1(t)Vq(r,t) + Co(t)Wa(r,t)

where

ie(o)t
Uyi(rt) = Uy(r)e” 7

ie(o)t

Uy (r,t) = Wa(r)e ~n

Now let’s be more specific with what H(1)(¢) looks like. We want to
consider the interaction of a molecule with dipole moment p with light where
the electric field of light can be written as

e = F,cos2mvt
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where v is the frequency of the radiation. Alternatively

€ = Eycoswt (13.14)

This is going to be our sinusoidal perturbation. You can see that it will
oscillate periodically with time.

The interaction between a molecule’s dipole moment and the electric
field is then

H(l) =—Uu-€
HW = — - Eycoswt (13.15)
Such that
H=H®O — 1. Eycoswt (13.16)

We are now going to re-derive our previous expression for the coefficients.
Insert W(r,t) into the Schrodinger equation. Also for shorthand let the time
dependence of the coefficients be understood C(t) — C; and Ca(t) — Cb.

d
Zh% [01\111(7‘, t) + 02\1’2(7“, t)]

= (HO 4 HOY[Cyahy (r,t) + CoWs(r, t)]

L d L d
Zh%(cl\lfl(’l", t)) + Zha(CQ\IJQ(’I", t))

= (HO + HOY[C1U(r, 1) + CyUs(r, )]

avy(r,t) . acy .., dUs(r,t) . dCs
Y + ihWq(r,t) i + 1hCy m + ihWa(r,t) o

= HOCU(r,t) + CoWs(r, 1) + HD(C1 W1 (r, t) + CoWs(r, 1))

thC

AW, (r, 1) L dUs(r,t) dCy | dCs
7 + Caih m + thWUq(r,t) p” + ihWs(r,t) o

= ClH(O)\Pl(T, t) + CQH(O)\I’Q(T, t) + ClH(l)\I/l(T‘, t) + OQH(l)\I/Q(T, t)

Ciih

We’ve seen previously that the first terms on either side of the last equation
will cancel since they are equivalent.
dWq(r,t
HOW, (r,t) = ihild(t )

H(O)\I,2(T7 £ = ihd\llgd(tr, t)
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leaving

ihWy (r, t)@ + ihWa(r, t)ﬁ2 = C1HOW, (r,t) + CoHMWy(r, t) [(13.17)

Now like before, multiply both sides by \Ilg))*(r) and integrate.

dCh (0)+ dCs
7 + iR, (r)Wa(r, t) 7

= U () HOW, (r,t) + CoU " (r) HO Wy (r, 1)

O ()T (r, £) =2

ie(o>t dC 'LegO)t dC
h<21>e 7 — +ih<22> n 2
i | e o +1 | e s
ie(o)t ieéo)t
= O <2HW1>e 7 +Cy <2/HV|2> e i
ze t dC ie(o)t ie(o)t
ihe~ Ed — = Cy <2/HW1 > e i +Cy <2/HD|2 > e 5
ieéo)t
multiply both sides by e %
dC ( (O>7E(O>)t
mEE:CMﬂHLwEL#_+@<MWD>
(0 (0) , .
as before let wy; = 2———. The exact expression we get then is
ih4%2 = < 2lHW|1 > eont + Cy < 2/HW|2 > (13.18)

Now we invoke time dependent perturbation theory and assume that
since HM is small

Cy(t) =~
Ca(t) ~ 0

giving

ih%2 =< 2|HW|1 > elwant (13.19)

What now? Well, we haven’t really dealt with H(!) yet. Recall that

HY = —u - Bycoswt
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For convenience, choose the z direction

HW = —uFycoswt

z

or

Y= _ B, <7ei‘”+;’“”) (13.20)

Ok, let’s throw this into our previous expression and see what happens.
dCs pzE.

’Lh? = < 2‘ — —2 O(eth + e_iwt)’:l > einlt

dC E . . ,
W2 = =22 <2+ L > et
Zhdiz _ _% < 2|,uz|1 > (eiwt+iw21t + e—iwt—l—iwglt)

(13.21)

The term < 2|u.|1 > is the transition dipole moment.

E, , .
Zh% — —7 < 2|/~’LZ|1 > (ez(w+w21)t _|_ 6—Z(W—WQ1t))
dCs 1E , o
=2 - 0 9t ( i(wtwan )t i(w w21)t)
dt 2h < ’/’L ’ > |e +e

Integrate this to find Cy(t) but before we do this, let’s flip back to € notation
so that our final expression will be consistent with everyone elses.

dCQ ’LEO - hw+hwgy _.hw—hwgl
—Z — 2 1 ( ? 7 t z?t)
@~ on < 2mell> (e te
where hw = hv and hwy; = hwg — w1 = €9 — €1
dCy iE,

h

. hv+4(eg—eq) .hv—eg+eq
i <9 1> ( t——fp ——t —zit)
gt~ an kel (e e

A — Lo <21 > (e

. (eg—eq1+hv) . (eg—e1—hv)
th elft)

(13.22)

dCs

Now integrate this to get C2(¢). Remember that when you integrate <72

you get an additional constant of integration which is Co(0).

FEy < 2|u,|1 > [t iteg—ertmt ilegmer =)t
Ca(t) = C’z(O)—Fw/e I
0

2h

where 02(0) = 512
) tie—e ul ie—e—u/ /
ZE0<2‘/LZ‘1>/€(2 }i-&-h)t +e(2 %h)tdt
oh 0

Ca(t) = 012+
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but since states 1 # 2 we are left in practice with the 1st order contribution.
So let’s just work with it.

i(eg—e1+hv) i(eg—e —hl/)/ ’
OV (1) = iBe<tuslt> gt Mgy L eyl (13.23)

So go on and integrate this expression.

i(eg—e v)t i(eg—e] —hv)t
() = o< 2lpll > (" F — L (e S
2 N 2 ’i(EQ — €1+ hl/) ’i(EQ — €1 — hl/)
or
i(eg—e1 +hv)t i(eg—e1 —hv)t
(1) _ Eo<2|pz]1> | (e h -1 (e h —-1)
CQ (t) - 2 [ (e2—e€1+hv) + (e2—€1—hv) ] (1324)

Now at this point, another approximation is made here.

You have two terms. The one with (e3 — € — hv) in the denominator
is called the resonant term. The one with (ea — €1 + hv) is called the non-
resonant term.

When hv = (e2 — €;1) the resonant term will dominate. Under this res-
onance condition where the monochromatic light energy equals the energy
difference between states 1 and 2 you get

i(eg—eq —hv)t
CSV (t) ~ Bas2p=1> [ Z —1] (13.25)

(e2—e1—hv)

Note that this approximation is also called the “Rotating Wave Approx-

imation”. e —er —hot
Since we like math, let’s keep simplifying. Extract out e 2h

i(eg—e] —hv)t —i(eg—e] —hv)t
) Ey <2zl > ico—ertort e o —e
Cs/(t) ¥~ ———e 2f
2 €9 — €1 — hv
i i(eg—e] —hv)t —i(eg—€1 —hv)t
(1) iEy < 2|zl > ita—a—nt (e 0 e
C5/(t) ¥~ ———e 2" -
(62— €1 — hv) 2i

1 Eo<2|ps|l> Hea—a—ht 7 _p
C5) () o o2l G gy (%h”)t (13.26)
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Ok, let’s keep going. Recall that the probability of being in a particular
state k is basically

Py = |Cy?
Therefore the transition probability into the final state 2 is

P o= |C(t)]

E§|<2|,uz|1>|2 . 9 € — €1 — hv
Sin M
(62 — €1 — hv)? 2h

The final transition probability into state 2 is

Sing(é —e —hl/)t)
Py = B2| < 2|a|1 > |2 ( s (13.27)
Note that P is Py(hv,t). It depends on both time and frequency.
In general express this as
E2|<k|u, 2 gin2%kn "%y
Py, = elsbpelnl S (13.28)

since hw = hv.

Fermi’s Golden Rule

Recall that we are dealing with a harmonic perturbation of the form

HWY = —,Eycoswt (13.29)

HWY = — 1 E,sinwt (13.30)

Note that it doesn’t matter which one we use, both work fine.
From our previous work we derived

2 Wpp—w
L—1

_ B2 < klpaln > | sin
h2 (w;m — w)2

Py

where again wy, = (wi — wy).

Like above, we want to consider the transition probability and more
specifically the rate of transition into a group of final states k (not just into
one state).
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So we integrate over the spread of final states dictated by the density
pler) or p(wi).

Prgroup = J o Pr(wrs t) p(wr) dwy (13.31)
® B,| < k|p.|n > |? sin?<ka=
Pk,group = hQZ (wkn 2 )Qp(wk)dwk
—0o0
0 Bo| < klpsn > |? sin?@h=n=t
- 2 gp(wk)dwk
—00 h ((.Uk — Wn — w)

Now as before, assume that p(wy) is constant or rather that the distribution
is uniform. It can be removed from the integral.

dwk

P E2p(wp)l < klusln > 2 I sin? ssgnsy
k,group — (

h? oo (W — wp —w)?

Let x = (wy — wp, —w) and dx = dwy. Also remember to change the limits
of integration. We then get

E2plwi)| < Klpaln > | I Y g
h2 oo xr2

Pk,group =

As before, from a table of integrals the definite integral is

o0 gin? xzt Tt
3 der = —
o T 2

The resulting transition probabilty is then

E2| < K|pz|n > |? nt
Pk:,group = hQ ?

Also like before, rather than stop here, flip p(wy) into p(ex) to keep the
notation consistent with other texts (p(wg) = hp(ex)).

Pigroup = S| < Klpzfn > 2t (13.32)

This is the desired form of the transition probability.

. i dP
Now the desired rate is R = —4reue,

R = ZE2p(ep)| < klpzln > |? (13.33)

Again, the rate is constant with respect to time. It is the quantum mechan-
ical version of a classical rate. This is called Fermi’s Golden Rule.
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Putting it all together

Interband transitions (or a whole lot of work)

There are various ways to proceed with this. We carry out the following
derivations in a solid state physics approach to stay consistent with existing
texts.

For the interaction of light and matter we have seen the Hamiltonian

HY = ;. F
One can also express this interaction through the following Hamiltonian

gD — _E(A . P)
m

where A is the vector potential associated with the magnetic field of the
electromagnetic wave and P is the quantum mechanical operator.
Proceed using the second Hamiltonian. It can be shown that

A = A,cos(wt — kr)
where we ignore a potential phase factor, ¢, and A = A,é where the second

A, is a scalar amplitude and € is a unit vector showing the orientation of
the electric field polarization.

Then
HY = —iAOécos(wt—kr)P
m
q A
= ——A4, t—k - P
— cos(w r)(é- P)
q4o

_ = |:ei(wt—kr) i e—i(wt—kr)} (é- P)

Next it can be shown that generally the transition probability can be
expressed as (this is best done through the interaction representation)

1 2

Pe=— (13.34)

t /
/ dt et < k|HMV|n >
to

where k is the final state (the conduction band in our case) and n is the
initial state (the valence band in our state).
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We will shove into this transition probability the above expression for

H® to get
1 / 12 2
= — Wknt *kT) 7i(wt 7/67“) 5 .
Py 52 /to dt e <k’ ( +e ) (é P)|n>

1 2 A2 to, , oy oy 2
_ ﬁ <im20> / dt’ iwrnt <k" (ez(wt —kr) + e—z(wt —kr)) (é . P)|n>
to

Next there are two terms sandwiched by < k| and |n >. These are the
t/fkr)

terms et and e*i(”t/*kr). The one on the left will eventually lead to
a “non-resonant” term related to stimulated emission. The second term on
the right will lead o the absorption term that we are interested in. This is
the “resonant” term. So to simplify life just drop the first term. We now

1 2A2 w —lw—'f'
P g (8 | [t (h (e ) - )|

Pull out the time dependent term from the bra-ket since this is only a
spatial integral.

1 q2A2> ‘ to, r "
P ~ — <—° / dt e™knt it <k\eZ "(é- P)]n>
h2 4m2 t

1 2 42 o , , 2
o (St )| [ et (e )

to
Next we have the Bloch forms of the wavefunctions
1

w—“’“

In> = _un(r)e

VN

where \/1_N is a normalization constant reflecting normalization of both wave-

have

2

12

k> = (et

iknr

functions over the entire volume of the solid being considered. N is the
number of unit cells in the crystal considered.

p oo L (¢4
k= h? 4m2

where the interior integral is over the entire volume of the solid considered.

2 A2
p o L(242) (1
h2 4m?2 N2

2

t
;. r 1 . ) )
/ dt ez(wlm—w)t N/ uke—zkkrezkr(é . P)unezknrd?)r
to 14

2

t /
;o _ . . R . )
dt ez(w;m w)t / uge zkkrezkr (6 . P)unezknrddr
14

to
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Now in principle, P operates on both u,, and e”*»" but since we understand
that e*" varies very slowly, we (as an approximation) ignore P operating
on etknT,

b L (P42 (L
k—hz Am?2 N2

Next e!kthn—kr)r i o slowly varying term that can be approximated by a
constant in a given unit cell. We approximate this now as

2 A2 t ’
P~ (A (L it im0 Y bttt [y (6 Py, ddr
hQ 4m2 N2 to N 14

We take what is sometimes called the long wavelength approximation e?*" ~
1 and get

1 QQAg 1 ! i(wpn—w)t 5 3
Pz (4%) () ’dte(’“" N [ e P

Next cancel common terms and choose a projection for P, say P, (é-P) = P,

giving
1 [q*A2
Pk >~ 3 q—O
B2\ 4m?2

Extract the spatial integral since it does not depend on time.

1 q2A2 2 t ;. _ t,
Py ~ 2 <4m20> | < k|Pyg|n > | /to dt ¢(@rn=w)
t

2

t
/dt/ei(wm—w)tt/ Hhn =k (6. Pyunddr
to v

2

2

2

i ’
/ dt e@rn = < k| Pyjn >
to

2

where

/

t / i n-—
lo

i(wkn - w)

to
Let t, = 0 to get
ei(wknfw)t -1
i(wkn - w)

Re-express this as

i(Wg—w)t (W —w)t —i(Wpp—w)t
e 2 <e 2 —e 2 )

i(wkn - w)
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or as
. (W —w)t
sin (%) t

(Wrn — w)

(Wi —w)t

2e 2

Put it all together now to get

) _ 2
(W —w)t ST (‘ﬂfg—“’) t
2 - & J

(Wkn — w)

1 (q*A2
Py~ — <q O) | < k|Pgn > |*|2e

2
4m3

This simplifies to

(13.35)

2 42 sin2| Zkn=% }¢
Pe= b (L48) | < k|Pifn > |2—r<w£ni> )

Now to account for the available states we eventually integrate over the joint
density of states. However, first convert the transition probability over from
frequence to energy using € = hw

1 2A2 002 (€Ekn—€ t
Pie) = — (q ) | < k|Pyn > |2M )t

h? \ m? (€kn — €)?
giving
2 A2 c 2 (€pp—E€
q°A 581N ( 2 )t
Pile)~ (L22) | < kP AR ) 13.
(0= (52 ) | < ki > P (13.30)

Next at long enough times (¢ — o0), we can simplify the last term above
into a delta function using

) stn“at
limy—co o =d(a)
So that
" in2 (Skn=c\) ¢ ¢ L
<7T_2> [—Sm e( — 2) ] - 5 (6—’“% 6) (13.37)
i) e (g | T
giving

2 42
q-A; mt €kn — €
Fie) = < "2 ) <H> | < KlPen > ‘25< 5 )
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where § (%2=<) = 210(ex, — €).
The desired transition probability is

Py~ 3 (%) | < k|Py|n > [*3(epn — €)t (13.38)

The transition rate, R, is the time derivative of the probability, R = %‘1
giving

R=3 (fﬁj) | < K| Pyln > [20(exn — €) (13.39)

Finally, we integrate the rate expression over the joint density of states

2 A2
Riot = % (52) | < KIPaln > |2 [ pj(€)3(ekn — €)de (13.40)

In the 3D bulk case we have

3
1 /2p\?2
Pj,3D(€)=4—7T2<ﬁ> \/E_Gg

If we account for the degeneracy of the spin, multiply the above expression
by two

3
1 [2u)\?2
pj3p(€) = 7.2 (ﬁ) Ve—¢

Shove this into the above expression for the total transition rate (per
unit volume) to get

9 [ q?A2 1 /2p\ 2
RtOt ~ % (q_o) | < k‘|Pz|n > |2/W (ﬁ) \/E — Egé(Ekn — €)d€

4m?
21 (A2 of 1 2u 2
ﬁ W | <k|Px|n> ‘ W h_ \/E—Ggé(ﬁkn—ﬁ)dﬁ

The final expression we have been waiting for is

3
Riop = 2 (f—nﬁ‘;) | < k| Pyln > ? [(2—;5) (i—g‘) = eg] (13.41)

This is the total transition rate per unit volume of a bulk 3D material
including spin degeneracy.
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The absorption coefficient

Now let’s close the loop and connect this total rate to the absorption coef-
ficient.
The number of photons per unit area per unit time is

1

=— 13.42
— (13.42)

np

and the absorption coefficient can be expressed as

(o} h O
o= ot _ 0Bt (13.43)
np I

Next we need an alternative expression for the incident intensity, I.

I= ”’"“02“’2‘43 _ ”T“;EQ (13.44)

I:<iE><B>
Ko

but in many cases (nonmagnetic materials) p ~ p, giving

I:<1E><B>
7

where B = %E This leads to
I = <l (ﬁ) E2>
w\c

— E(E>EE2
w\el 2°°

we have ¢ = —— or ce, = - ~ L and finally ¢y = .
€ollo CEollo Clbo cl CcEo

Replace the lastoexpression into our main equation to get

This was obtained from

2 _ 1

and since ¢

I — neeow? A2

- (13.45)

Then using this alternative expression for I, replace it into the expression
for a above.
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After simplifying this you get

o= (q_2> (L) <§L_‘;>g | <K|Pn> [P\ /e—e,  (13.46)

2mm2ee, ) \ nw

Often there is a change of notation. Let

E, = A<tiluin>]? (13.47)

= Mo

which has a value of approximately 20 eV for many semiconductors. The
final expression is

canle) = (w22 (2) (%) ve=gy (13.48)

The absorption spectrum therefore is shown to be proportional to the joint
density of states. This is the 3D case.
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Chapter 14

Emission

In the last section, the absorption coefficient of materials with different di-
mensionality were shown to be proportional to the calculated joint density
of states. In turn, one could predict that the absorption spectrum of these
materials would look like. Here we work out the background behind spon-
taneous emission, a complementary process to absorption.

Preliminaries: Einstein A and B coefficients

Picture a two level system like that shown in the figure.
Here

e N; =population in the ground state or alternatively probability of
being in the ground state

e Ny =population in the excited state, alternatively probability of being
in the excited state

e g1 =degeneracy of ground state
e g» =degeneracy of excited state

e p =the energy density containing thermal and/or external contribu-
tions

Three processes were considered
1. absorption with total rate: BispNy

2. stimulated emission with total rate: BojpNa

195
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stgi

Figure 14.1: Two level system showing various transitions considered for
Einstein A and B coefficients
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3. spontaneous emission with total rate: ANs

Putting everything together one obtains the following rate equations for
populating either the ground or excited states

dN
d—tl = —DBi12pNi + B21pNa + ANy
dN:
d—t2 = DBi12pN1 — B21pNa — AN3
s . dN dN:
In equilibrium, the upward and downward rates are equivalent (3 = %32 =

0). So using either of the above expressions
BiopNy — Ba1pNo — AN2 =0
or
B1apN1 (upward) = Ba1pNo + ANy (downward)

solving for p gives

AN,
B1aN1 — Ba1No
A
B12% — B2

where N1 and Ny are Boltzman distributed

g1
1 €1 "¢ €1—€q
Nl = —_— E e kT :ﬂei kT
N 4 N
=1
g2
1 _2-fp  go _=2-%
Ny = — E e TR = 2T TRT
N - N
1=

and N is a normalization constant. This leads to

M _g_ae _gom

= —e€ KT —= —ekT

Ny g0 g2

where hv = €9 — €1 is the energy of the photon or transition. Replace this
into the above expression for p giving

A
o) = ——= (14.1)
Biag; ekt — Bo
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This is the expression for the energy density derived by Einstein. Next he
realized that this expression had to be equivalent to the Planck distribu-
tion for blackbody radiation. Expressed in terms of wavelength, the Planck
distribution is (standard textbook expression)

pp<A>=8§—?c( ) (142)

Units: J/(unit volume unit wavelength). This expression is interesting from
a historical point of view because when the derivative of this expression
is set to zero one obtains the Wein displacement law for blackbody radia-
tion. Likewise the integral of this expression gives what’s called the Stefan
Boltzman law for blackbody radiation. In a sense, knowing or unknowingly,
Planck basically explained everything in one shot. Apparently he nearly
suffered a nervous breakdown doing it.

Now back to the main discussion. Expressed in terms of v rather than
A, the Planck energy density is (derived in the next section)

pp(v) = S22 <—h_3_1> (14.3)

Units: J/(unit volume unit frequency). Note that in general, in the ab-
sence of vacuum, the index of refraction must be taken into account when
considering the speed of light.

Interlude: Derivation of Planck energy density

Just like in the density of states section, imagine a sphere of radius k with
volume

4
Vi = —nk?
k 37T
where the volume of a given mode is k;kyk. (assume periodic boundary

conditions, though not necessary, just for convenience) and

2
k, = —
T La:

2T
k, = —
Yy Ly

2
ke = 2
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The number of modes in the given sphere is then (look familiar?)

Vi sk
N = =3 _L,L,L
kykyk. 83 VTS
For a photon now, multiply this by 2 to account for two possible polarizations
’ %ﬂ'kg

k3
= ﬁLxLyLz total number of modes
Y

Consider the volume density
N _E_F
- L,L,L, 3m? 3r2

p number of modes/unit volume (14.4)
Here is where we diverge a little from the past. To get the frequency density,
first let k = QT’T where A = £. Therefore
_ 27w

=22
c

alternatively 2wvZ if the index of refraction is different from 1. Then p
becomes

_ k3 8 v3

32 33
Now like before, to get the frequency density (alternatively called the mode
density)

’ d 87TV2
p = al number per unit volume per unit frequency (14.5)
dv c3
Planck next showed that the average energy per mode is
hv
<E>= ——
exT — 1

Note the Bose Einstein form of the equation (photons are bosons). This
leads to the Planck distribution

p(v) = p <e>

B 87r1/2( hv >
¢t \eir —1

B 8why? < 1 )
c e% -1
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Alternative derivation
Consider the volume of a thin shell in k space. The volume is
V = dnk?dk

ni
Lw#!vz ’

where k;, ky, k. all equal The number of modes, N is then

Ark2dk
kykyk.

drk2dk

=~ L:LyL

N =

Since there are two polarizations, multiply by 2.

8rk2dk

N =
71-3

L.L,L.

Now divide by 8 since each corner of an imaginary cube is shared by 8 other
neighboring cubes.

]{32
N = ﬁdkLmLyLz
Now get the volume density by dividing by L, L, L. giving

!

N K%k
-~ L,L,L, n?

p

where k = 27” = QLC” such that k? = 4”6# and also dk = 2%rdy. We get

Now consider the frequency density
pdv=p

such that
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Now back to where we left off. Equate the Einstein and Planck relations

A % ( 1 >
312%6% — Boy c3 err —1

where note again that if the index is not 1 then replace ¢ with =. Upon
examination of the above equation, to achieve equivalence

1
Biok = By, (14.6)
92
More usually you will see g1 = go such that the expression reduces to Bis =
Bs1. Furthermore

A 8rhy3
Bgl N 63
yielding the standard textbook expression

3
A = 87rl;y Boy
c
8thv? ¢
= =B 14.7
A g2 2 ( )

Again, note that if g1 = g» you will commonly see written

A=Smhip, (14.8)

Also if the index is not 1 (not vacuum) then replace ¢ with £ in the above
expressions. The above final expression are what are referred to as the
relationship between Einstein A and B coefficients. Remember that A is the
one associated with spontaneous emission.

Word of caution

The Planck distribution is often written a number of ways. Different texts
will have what on the surface appear to be completely different expressions.
These difference actually arises because of differing definitions for the “den-
sity” being used by the various authors. Previously we saw two expression
for the Planck distribution. The first, in terms of wavelength, has units
of: number per unit volume per unit wavelength. The second, in terms of
frequency, has units of: number per unit volume per unit frequency. Alter-
natively sometimes what people mean is the same expression but in units
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of: number per unit volume per unit energy. This is potentially very con-
fusing. One should look very carefully at what is meant by “density”. Here
we derive this third form of the Planck distribution with units: number per
unit volume per unit energy.

Starting with

0} o

where this expression comes from the previous section where we derived
the Planck distribution and where also the index of the medium has been
explicitly considered (recall, replace ¢ with £). Rearrange the expression to

L% h_3 _ 8mnd(hw)®  8mnde?
P= 33 R3)  3c3h3 3c3h3

Now as before take the derivative with respect to energy to get the energy
density

;_dp 8mn3(3e?)
 de 3c3h3
8mrnde?
c3h3
8mn3(hv)?
c3h3
8mn3u2

c3h

p

Some authors will leave it at the second step which is just p/ = 8’;?;532. We
will go with

;o 8nlu?

= — 14.10

Now earlier we had the Planck derived average energy to be

hv
<e>= -7
erT — 1

This leads to an expression for the average number of photons which is

<e> 1

<p>= ; 14.11
hv e,’j*T -1 ( )
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The resulting Planck photon density is

_ 8mndv
pp - C3h

2 1
( = ) number per unit volume per unit energy ~ (14.12)
erT — 1

This then leads to another set of relationships between Einstein A and B

coefficients
Bis = B9 (14.13)

A=31B o = 8T g, (14.14)

The only difference between these relations and the previous ones was how
the Planck distribution was defined. Number per unit volume per unit
energy (as done here) or number per unit volume per unit frequency (as
done previously).

Einstein A and B coefficients revisited

In the last section we derived the relationships between the Einstein coef-
ficients for absorption, stimulated emission and spontaneous emission. In
this section, let’s rederive the expression is a slightly different manner, but
in a way that will be useful a little later on.

Let R12 be the unit transition rate from the ground state to the excited
state (basically the rate constant)

Ria = Pupspde
= By
where

e p is the number of photons per unit volume per unit energy (note the
units!)

e pde is the number of photons per unit volume
e P, is the probability for absorption per unit time
e Ri5 is the absorptions per unit volume per unit time

and where By = P.de

As before set up the rate equations except now consider explicitly the
probability of occupied and unoccupied states in the valence and conduction
bands. Let
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e f1 =probability of occupied valence band state
e fy =probability of occupied conduction band state
e 1 — f1; =probability of unoccupied valence band state

e 1 — fo =probability of unoccupied conduction band state

1 — 2 transition (absorption) requires

e valence band state occupied (f1)

e conduction band state empty (1 — f2)
resulting in the joint probability being f1(1 — f2) such that

Ri2 abs = Biapfi(1 — f2)

2 — 1 transition (stimulated emission) requires

e valence band state empty (1 — f)

e conduction band state occupied (f2)
resulting in the joint probability being fa(1 — f1) such that

Ro1 stim = Baipfa(1 — f1)

2 — 1 transition (spontaneous emission) requires

e valence band state empty (1 — f)

e conduction band state occupied (f2)
resulting in the joint probability being fa(1 — f1) such that
R21,spont = Af2(1 - fl)

In all three cases fi; and fs are Fermi Dirac distributions

1
f1=W
e kT +1

1

fo = —=

E27¢p
e T +1
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At this point, for simplicity, assume that gy = go. At equilibrium the upward
and downward rates equal resulting in

R12,abs = RQl,stim+R21,spont
Bupfi(l—f2) = Bapfa(l— f1)+ Af2(1 = f1)

Rearrange this to solve for p
p[Br2f1(1 = f2) = Barfa(1 = f1)] = Afo(1 = f1)

which gives

_ Afa(1— f1)
P Biafi(1 — f2) — Baifo(1 = f1)
A

fi(1—=f2)
B2 RO By

Now introduce the explicit expression for f; and fa. To simplify

() (- =)
fl(l_f2) o e%+l eizk;;E+1

f2(1 = f1) _( 1 ><1_ 1 >
Rt 41 !

€2—¢]
= e kT

hy
= e kT

Replace this into the main expression for p to get

A A
p = _ = hv
312% — Bo1 DBigerT — By

But p equals the Planck distribution for photon density

A mn3u? ( 1 >
p = v = 1%
3126% — By c3h eFr —1

meaning that for this to be true

Bis = B

and

which are exactly the same Einstein A and B relations we found before.
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Emission spectrum

Here we will calculate the emission spectrum of a 3D material using the
Einstein A and B coefficients. Define the (net) unit transition rate from the
ground state to the excited state.

Ryet = Pupspde (14.15)
where as before
e p is the number of photons per unit volume per unit energy
e pde is the number of photons per unit volume
e P, is the probability for absorption per unit time

e R, is the absorptions per unit volume per unit time

Now consider the net rate upwards from 1 to 2 including stimulated emission

Rigaps = Biopfi(1 — f2) (transition rate per unit volume)

Ro1 stim = DBa21pf2(1 — f1) (transition rate per unit volume)
such that the net upwards rate is

Rpet = Ri2,abs — R21 stim (transition rate per unit volume)
= Bupfi(l = f2) = Baupfo(1 - f1)

Since we have already shown that Bio = Bay

Ryet = Biap[fi(1 — f2) — fo(1 = f1)] (14.16)

Equating the two expressions for p gives

Pupspde = Biap[fi(1— f2) = fo(1 = f1)]
Pupsde = Bra[fi(1— f2) — fo(1 = f1)]

Here we relate Py, to the absorption coefficient as follows

C
Pabs = —«
n

How? If P is the absolute probability for an absorption event and % = Pus
daP  dP (dz
dt  dz \dt

par = (2)
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Insert this P, expression into the above equivalence to get

c
o (£) de = Bualfa(1 = f2) = fol1 = )]
Rearrange this to solve for Bio

c de

E) (11— f2) = fa(1 = f1)]

Relate Bis to A using our derived Einstein A and B coefficients.

312:a<

8mn3u? 872 /ny\3 c de
A4 = c3h Biz = h (Z> O[(E) [f1(1 = f2) = fo(1 = f1)]
_ &2 (%)a de
~ h \c¢ [f1(1 = f2) = fo(1 = f1)]

Now recall that

RQl,spont = AfZ(l - fl)

such that

R21,spont =

N (71)2 fo(1 = f1)de
h \e/ [fi(1—f2) = fa(1 = f1)]

n\2 de
h (E) A(=f)
f2(1=f1)

Now for convenience define
rspont(g)dg = Ro1

where 7gpont(€) is the transition rate per unit volume per unit energy. By
inspection

B 8T2 /my2 1
Tspont(€) = o= (_) F0—f2)

¢ fzzl—fﬂ_l
and
1
Hh = —(/—
e kT +1
1
f2 = —=

E27¢F
e kT +1
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We’ve solved the ratio in the denominator before giving

fi(1 = f2) hy

——— — @kT

f2(1 = f1)

Putting everything together

(@) = (55) () ()

hv
If hv > kT the term in parenthesis ~ e~ #*7 and the main expression becomes

812 2w
Fopont(€) :a< = > (2) ei# (14.17)

c
We can stop here or continue to express this as an intensity.

T'spont (5)

Lp(e) =< Qeze(€)

where aezc(€) is the absorption coefficient at the particular excitation posi-
tion. This value is a constant.
_87;52) (2)% e #F

[

o) = "

O‘e:cc(e)
_ a 3y (M\2 _hv
- am(SW)<E) e~ HF (14.18)

Finally, for a 3D material the absorption coefficient is proportional to the
joint density of states

axAfe—¢g4

where A is a constant. This leads to our final expression for the emission
spectrum
Ae—¢4

(87TV3) (E) ? e *T

Isp =
Qege

Iip = A\ Je—gge iF (14.19)
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Figure 14.2: Derived emission spectrum for a 3D material using Einstein A
and B coefficients

N

Y N,

Figure 14.3: Two level system considered in pulsed laser experiment. Only
the (downward) radiative transition is considered.
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Quantum yields and lifetimes

Here we discuss some complementary aspects to the emission. Imagine popu-
lating the excited state of the system and immediately (i.e. instantaneously)
turning off the light. Basically this is a pulsed experiment.

The depopulation of the excited state occurs by spontaneous emission
since stimulated emission only occurs in the presence of the excitation. The
relevant rate equation is

dNs
—= = —AN.
dt 2
orif A= kpuq
dNs
5 kra N
dt diV2
dNs
—= = —kpgqdt
N, d
InNy = —kpqqt + (const)

Ny = (e hradt
At t =0 C = N»(0) resulting in
No(t) = No(0)eFradl (14.20)

The decay will be exponential and 7 = —— is called the lifetime of the

. k'rad
excited state.

In general, however, since we don’t live in a perfect world, there are
other de-excitation pathways. These include energy transfer or non-radiative
decay through defect states. So in general the total decay rate out of the
excited state is the sum of all rates

kot = kraa + k1 + ko + k3 + ...
giving

dN-
=2 —(kmd—i-kl—i-kz—i-kg-i-.--)NQ

dt
= - <k7“ad + Z kl) Ny

= _ktotN2
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Figure 14.4: Linear and semilogarithmic plots of the excited state decay

profile.
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Figure 14.5: Linear and semilogarithmic plots of the excited state decay in
the absence and presence of multiple decay pathways.
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Only the k,.q pathway gives you emission. Therefore, the efficiency of
emission is called the quantum yield (QY") and is defined by

1

QO
S
1
ol
1
¥

= Ttar (14.21)

Trad

Ttot

For most applications, one desires a QY that is as close to unity as possible
(QY = 1). For example, such applications could involve lasers, light emitting
diodes, fluorescent tags and so forth.

Exercises

1.

The first part of this chapter described three processes: (stimulated)
absorption, stimulated emission, and spontaneous emission. Rational-
ize why there isn’t a fourth process called spontaneous absorption.

Spontaneous emission competes with thermally stimulated emission
(Planck radiation is the source). Show that at 300 K, thermal stimu-
lation dominates for frequencies well below 5210'? Hz whereas sponta-
neous emission dominates for frequencies well above 5210'2 Hz. Which
mechanism dominates for visible light.

Come up with an alternative means of measuring the quantum yield
of a system based on its fluorecence decay profile. See Figure 9.5.
Assume an exponential decay and consider its pure radiative decay
as well as its radiative decay in the presence of other non-radiative
recombination pathways.

Show mathematically how one extracts the average decay time of an
exponential process. Compare this to the 1/e lifetime.

Derive a relation between the half life (50% mark) and the lifetime of
the state.

Explain how one measures the quantum yield of something in real life.

Show how the Plank expression reduces to both the Wein displacement
law and the Stefan Boltzman law for blackbody radiation. What are
the Wein and Stefan Boltzman laws anyway?



Chapter 15

Bands

Kronig Penney Approximation with Rectangular
Barriers

An approximation to a crystalline solid is a periodic potential consisting
of rectangular barriers. This is called the Kronig-Penny model and has
analytical solutions. Although this is a crude approximation to the true
potential experienced by the electron, the importance of the model lies in the
idea that the periodicity of the potential is the root cause for the emergence
of what are called band gaps. There are discontinuities in the energies
that an electron can have. This ultimately leads to the distinction between
metals, semiconductors and insulators.

N je—b—>]

|

R
NN
N
S
X
© N
N\
[
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o
=
SN \

Figure 15.1: Periodic potential of rectangular barriers

Region 1:
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Therefore

where

Region 2:

Therefore

where
2m(V —¢)
h2

¢2

The wavefunctions in regions 1 and 2 are:

vy
Wy

z‘lelkm —+ Be_lkrregion 1

C€¢w + D6_¢xregion 2

CHAPTER 15. BANDS

(15.1)

(15.2)

(15.3)
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Now apply Bloch’s theorem where
\If(fE + CL) = \If(x)eilafor delta function potential with period a
or alternatively

\I/(ac + (a + b)) = \I/(.%')eil(a+b)for periodic potential with period a+b

leading to

Region 3:
Uy = Wyelleth) (15.6)
or
Uy = (C’em + De_‘f’x) eil(atb) (15.7)

Now apply the matching conditions for wavefunctions

Ui(0) = Uy(0) = A+B=C+D
W (0) = W,(0) — ik(A— B) = ¢(C — D)

\Ill(a) = \Ilg(a) N Aeika + Be*ika _ (Ce—(z)b + De¢b)e“(“+b)

Ui(a) = Wy(a) — ikAe*® — ikBe ™ = (¢Ce? — Dge®)e+)

\Ifg(a) _ \PQ(_b)eil(a-l-b)
Uy(a) = Wy(—b)e'l*t?)

This leads to a system of four equations with four unknowns (A, B, C, D).
The system can be recast into matrix form. However, to give a non-trivial
solution (A=B=C=D=0) one must have the determinant of prefactors equal
zero. This means solving the following equation.

1 1 -1 -1
ik —ik —é
pika o—ika _o—obtillatt)  _ gbtil(atd)| = 0

iketka  _jLe—ika _¢ef¢b+il(a+b) ¢e¢b+il(a+b)

Most texts will skip the tedious steps to the final expression. Here we
outline what needs to be done. The solution can be approached a number
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of ways. This is just one. Apply the following steps to generate successively
simpler determinants.

—ik(rowl) + (row2) — (row2)
—ik(row2) + (rowd) — (row4)

yeilding
1 1 -1 -1
0 —2ik (ik — &) (ik + ¢)
gika  g—ika _ o obril(ath) _etbtillatt)y | =0

0 —2ike ke (jk — ¢)e~PFilatd)  (jf 4 g)ePbtillatd)

—e*(rowl) + (row3) — (row3)

yielding

1 1 -1 -1

0 -2k (ik — ) (ik + )

0 e—ika _ gika  gika _ g—gbtilla+b)  gika _ gebtil(att) | = O

0 —2ike e (ik — ¢)e 9Hiatd)  (jf 4 g)etbtillath)
then

—e " (row?2) + (rowd) — (row4)

yielding
0 -2k (ik — o) (ik + ¢)
0 e—ika _ gika eika _ o—¢b+il(a+b) eika _ o¢b+il(a+b) =0
0 0 (ik — o) [_ef’ika + e*¢>b+il(a+b)] (ik + ¢) [_eﬂ'ka + e¢>b+il(a+b)]

At this point the finding the 4x4 determinant becomes the same as find-
ing the sub 3x3 determinant. To simplify our notation let

(1) = (ik—¢) [Tk 4 mortillatd)]

©2) = (ik+¢) |:_e—ika +e¢b+il(a+b)}
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then the 3x3 becomes

9k (ik — ¢) (ik + ¢)
e—thka _ oika  gika _ o—¢btil(at+b)  ika _ pb+il(a+b)

0 (ik —¢)(1) (ik + ¢)(2)

which is equivalent to

=0

ika _ o—¢btil(a+d) gika _ ,¢b+il(a+b)

(ik —)(1) (ik + ¢)(2)

(ik — ¢) (ik+¢)‘:0
ik —¢)(1) (ik+ ¢)(2)

— 2k |¢

+ 2isin(ka)

(

ika _ o—¢btil(a+b) gika _ ,¢b+il(a+b)

(ik —¢)(1) (ik + ¢)(2)

+ 2isin(ka) [(—k* — ¢?)(2) — (=k* — ¢*)(1)] =0

2k ¢

ika _ o—¢btil(a+d) gika _ ,¢b+il(a+b)

(ik —¢)(1) (ik + ¢)(2)

4+ 2i(—k* — ¢*)sin(ka) [(2) — (1)] =0

2ik |©

ika _ o—¢btil(a+b) gika _ ,¢b+il(a+b)

(ik —¢)(1) (ik + ¢)(2)

+ 4i(—k? — ¢?)sin(ka)sinh(¢b)e™ @) = 0

%k |

The top determinant is a little tedious but can be evaluate to give

— ik |—¢ — ¢ (aFb) 4 9ei@+) ([ sinh(gb) sin(ka) + ¢ cosh(pb) cos(k:a))}

+ 4j(_k2 — ¢2) Sin(k:a) Sinh(gf)b)eil(a"'b) -0
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This expands to
4ike 4 4ikpe?!(9FY) _ 8ike @) (L sinh(¢b) sin(ka) + ¢ cosh(pb) cos(ka))
+4i(—k? — ¢?)e @) gin(ka) sinh(¢b) = 0
Multiply by e~#@+0) to get
dikpe™ M) 4 4ikpe(9FY) — 8ik (—k sinh(¢b) sin(ka) + ¢ cosh(¢b) cos(ka))
+4i(—k? — ¢?) sinh(¢b) sin(ka) = 0
Divide by 4i to get

2k cos(l(a + b)) + 2k* sinh(¢b) sin(ka) — 2k¢ cosh(¢b) cos(ka)
+(—k? — $?) sinh(¢b) sin(ka) = 0

This leads to the following textbook expression after some simplification

(%) sinh(¢b) sin(ka) 4 cosh(pd) cos(ka) = cos(l(a + b) (15.8)

Kronig Penney V=0 Limit

Starting with our Kronig Penney expression derived above

2 _ 1.2
<¢ 2k¢k ) sinh(¢b) sin(ka) + cosh(¢b) cos(ka) = cos(i(a + b)

recall that

PR L U NN b U
k= 2}%5 k= %

if V=0
L
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the Kronig Penney expression becomes

2 32
<%> sinh(ikb) sin(ka) + cosh(ikb) cos(ka) = cos(l(a + b))
where

sinh(iu) = isin(u)

cosh(iu) = cos(u)

leading to

—sin(kb) sin(ka) + cos(kb) cos(ka) = cos(l(a + b))

For this to be true

l=4/52 (15.9)

This gives the energies of a free particle

_ RA2
— 2m

Kronig Penney V= oo Limit

Starting with our original Kronig Penney expression

((]5 —k > sinh(¢d) sin(ka) + cosh(¢b) cos(ka) = cos(l(a + b))

2k
where

2me

2

Fs e
2m(V —¢)

2

s e

Let’s rearrange everything in terms of unitless variables if possible. Let
0= Ey.
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2me [V 2mV /e 2mV
2 _ Y\ )y
Vs <v> h? (v) h25

5 2_m B K _2mV _

where in both cases 6 = £/V. Therefore

(o) _ o] [
2ko 2\/225\/5\/2212\/(1_5)

(1- 26)
2./3(1—0)

Consider also how ¢b and ka simplify.

a
2 b
NI <_> Viss
h a
= Arv1-9§
where A = 22”2‘/@ and r = b/a are constants. Likewise

2mVé
ka = W;Qa

= AVS

Replace both into our previous equation to get

(1 26)
2,/5(1—0)

BANDS

sinh(Arv/1 — 6) sin(AV6) + cosh(Arv/1 — §) cos(AV)

= cos(la(l+ 1))
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Case (0 < 1)

% sinh(Arv/1 — §) sin(AV/3) + cosh(Arv/1 — §) cos(AV)
= cos(la(l+7))15.10)
where § < 1 implicitly.
Case (0 > 1)

In this case

1—0=ivd—1
sinh(iu) = isin(u)
cosh(iu) = cos(u)

Replace into our previous equation to get

%isin(flr\/d — 1) sin(AV) + cos(Arv/6 — 1) cos(AV)
= cos(la(1+ 1))

which reduces to

% sin(Arv/5 = 1) sin(AV6) + cos(Arv/3 1) cos(AV?)

= cos(la(l + 7)) (15.11)

Case (0 =1)
Here note that

sinh(0) =0
cosh(0) =1

and that

limso sin(t) _1
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Rearrange the original expression as follows

sin(AV8) + cos(Arv/d — 1) cos(AV6)
= cos(la(l1+ 1))

(1 —26) (ﬁ) sin(Ary/6 — 1)
2v5 \Ar Vi —1

Let 6 = 1 and recall the limit of sin(t)/t as t — 0.

sin(Ar)
r

—%Ar sin(A) + cos(A) = cos(la(1+ 1))

continue reducing the expression to get

_% Sin(A) + cos(A) = cos(la(l +7r)) (15-12)

All cases (6 < 1), (6 >1) and (6 =1)

In all three cases above the resulting relationship can be expressed crudely
as some function of § equals the right hand side.

F(6) = cos(la(1+ 1)) (15.13)

This relation cannot exactly be solved analytically but is done numerically.
However one notes at this point that the right hand side of the expression
cos(la(1 + r)) will cycle periodically between +1 and -1.

Let V —

Continuing our simplification of the this expression, we let V' — oco. As a
consequence § = ¢+ — 0 and A — oo.

(1 - 26)

m sinh(Arv1 —6) sin(A\/g) + cosh(Arv'1 —96) cos(A\/g)

= cos(la(l+ 1))

approximately becomes

I . _
W sinh(Ar) sin(AV§) + cosh(Ar) = cos(AV$) cos(la(l 4 r))
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Here in the approximation, the first term on the left hand side will dominate

the second (cosh(Ar)) because of the % term. We then get something like

1 (eAr - e—A’“> sin(Av/3) ~ cos(la(1 + 1))

2V/6 2
or
eAr A\/g
sin ~ cos(la(l+r
5 en(AVE) = cos(la(1 + 7))
Since Z\A/% diverges, sin(Av/§) must approach zero to make the left hand

side fall between +1 and -1 which are the limits of the right hand side
(cos(la(1+1))).
In the limit that sin(Av/§) = 0,

AVS = nr
where recall that A = w/Q’;LéVa and V9§ = \/g This then leads to the

familiar expression for the energies of a particle in a box.

e = 220 (15.14)

~ 8ma?

Kronig Penney Approximation with Delta Function
Barriers

Sometimes the Kronig Penney relation is derived assuming a Delta function
potential rather than using rectangular barriers with finite width.

We run through this derivation for completeness. So starting with our
original Kronig Penney relation

¢2 o k’2
2%k¢

sinh(¢b) sin(ka) + cosh(¢b) cos(ka) = cos(l(a+b))

One generally makes the following substitution. Let

B ¢%ab

F==

(15.15)
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EE—
e
=1

- &

Figure 15.2: Above: original periodic potential of rectangular barriers. Be-
low: approximation using a periodic array of delta functions.
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where P is basically a dimensionless number. As a consequence b = ;TIZ.

Replace into the original expression and make the following simplifications

2 _ .2 2
o9 (15.16)
2k¢ 2k¢p 2k
Recall that ¢ = \/% and k = 27;’56 with ¢ — oo since V — oco. as
well as
2P 2P
inh(pb) = i inh | — | = —
sinh(¢b) zm{z_,:}_)o sin <q§a> a
. 2P
cosh(¢pb) = llm{i_}:}ﬁo cosh <%> =1
where we have made use of a Taylor series as follows.
cosh(x) = et tet (I14+z)+(1—ux) 1
2 2
. ef—e ™ (14+z)—(1-ux)
h = ) =
sinh(x) 5 5 x
Then our main equation becomes
in(k
Psm( %) + cos(ka) = cos(la) (15.17)
a

At this point we can take our limits of V = 0(P = 0) or V = oo(P = o0)
and see what happens.

Case (P =0)
Here we get

cos(ka) = cos(la)

Therefore k = [ or that [ = 2—%”25 leading to
272
=1L (15.18)

which again is the energy of a free electron.
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Case (P = )
Here to allow the left hand side of the expression to have finite values %
must be very small. In the limit that % = 0, ka = nm This immediately
leads to

e = LI (15.19)

which are the energies of a particle in a box.

Summary

One can therefore see that the Kronig Penney model lies in between the two
limiting cases for the behavior of an electron in a potential. At one end there
is the free electron limit and at the other is the particle in a box limit. In
between is the regime giving existence to the notion of bands separated by
energy gaps. So as usually mentioned in textbooks, at this point we point
out that metals are those materials that have their conduction band half
full, semiconductors are those materials where the valence band is full but
where the band gap is not humongous (let’s say < 4 eV) and insulators are
those materials where the valence band is full and where the band gap is
huge (say > 4 eV).

Exercises

1. Consider the rectangular barrier Kronig Penney model discussed early
on. Use Mathcad, Matlab, Mathematica or your favorite mathematical
modeling program to visualize the actual bands. Choose a potential
well width of your own choosing, a barrier width, again defined by you,
and a nominally high barrier height. Plot the free electron energies on
top of the bands you have drawn. Show the plot in both the periodic
zone scheme and the reduced zone scheme.

2. Consider the delta function modification of the Kronig Penney model.
Again use a mathematical modeling program to draw the bands in the
periodic and reduced zone schemes. Choose whatever barrier height,
well and barrier width you desire.

3. What temperature in K would you need to promote an electron from
the valence band to the conduction band of a semiconductor with a
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Kronig Penney Model

some definitions we will need

hbar = 1.0546-10° M salf explanatory, units of Joule * seconds
mo= 011107 ) free electran mass, units of kg
eV = 160210 * conversion factor from e’ to joule, units of coulomb

initial user defined valunes

a=210" o potential well width, units of meters

=01 user defined multiplicative constant far barrier width, see below

Wo= 100 this is the barrier height, units of ¥

bt) =¢a barrier width as multiple of well width, units of meters

Plt) = a+nlr) this is the period of the potential, made function of b since we change later

x:=0,001-B(t) 5P} this is the range in real space to be evaluated

=t first zone anly

k= —kmax,~095 kmax. kmax  this is the range of k space to be evaluated

_ (2ma(EeV)
e 9 this is part of the exponent to wavefunction in zera potential well
hbat

2o (Vo - Er-eV

BCE,¥o) = this is part of the exponent to wavefunction in barrier

hbat
Cig part of full expression which
we are breaking up for printing
C(E, k.6, Vo] = cosh(B(E, ¥o)-bc))-coslaE)-a) - cos(kcP(r])  purposes, atherwise overruns right
mardin

3 2
F(E.k,(,¥o) = %-si.nh(ﬁ(E,Vo)-b(g))-sm(m(E)-a) +C[E,k,C, Vo)

this Is that large equation whose roots we desire

Vilx,0. Vo) = Vo Bz - & BIPL) - o) + @[z~ (Pl) + o] @ (2:P(g) - o ]

Breaking up the potential for printing purposes, otherwise averruns right margin

Figure 15.3: Mathcad numerical solutions to the general Kronig Penney
model
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Vit Va) = Vilx,t, Vo) + Yo [®[x - (2F(E) + &) (3R] - «I]

this is the total rectangular periodic potential, good only for 3 periods

Maote, Phi here is just a step function and we are manipulating them to reproduce true potential
this is just for graphing purposes, Phiis a built in mathcad function

Some more work on the user part, initial quesses for root

gl=5 your initial guess to help the computer with band 1
g2=120 yourinitial guess to help the computer with band 2
g3 =35 yourinitial guess to help the computer with band 3

{Mate, play with values get "reasonable” bands)

Eilk.C, Vo) = root(Flgl k0, ¥o), gl these are the energies of band 1
E2(k,t,¥a) = roct(Flg2 k.6, ¥a), g2) these are the energies of band 2
E3(k,0,¥a) = roct(Fl3 k6, ¥a), g3) these are the energies of band 3

Our bands in k space Our periodic potential
100 T T
El(k,&, Vo) 100 = 7]
Ek,c,¥oy O e 1 (kg Vao)
E3k,c, Vo) 0 o
e |
0 — Z ",
' ' ' 0 510710 1107
-4 =2 0 2 4 =
kPC)

Figure 15.4: Mathcad numerical solutions to the general Kronig Penney
model continued
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Kronig-Penney Revisited

F(B,A,r) = %-sﬁﬂl(ﬁr-ﬁ)-sm(,ﬁ-\fg) + cosh(A-r-ﬁ)-cos(A-\g:‘

this is the function we derived

some definitions we will nead

hbar = 1.0546-10° i self explanatory, units of Joule ™ seconds
mo = 9.11-10_31 free electron mass, units.of kg
eV = 1602-10° o conversion factar from ey to joule, units of coulamb

Initial user defined values here

V=100 Barrier height, units of b
a=210 10 Well width, units of meters
Bo=01 Barrier width prefactor
h=fa Barrier width, units of meters
b
t=— Recall that r = bia
a
A= M-a A= 10246 This is our definition for A
2
hhat’
Markerl (5] = 1 These are just markers to show region of valid solutions
Marker2[6) = -1 These are just markers to show region of walid solutions

§:=001,002.4 The range of & to evaluate over. Recall 6= EM

Full range Closeup
2 2
F(&.4.1) Fl&.4.10
Mlatkerl{d) g MarkerliB) g
Tlarker2( 53 Tarkerd()
2 )
& &

Figure 15.5: Mathcad numerical solutions to approximations of the Kronig
Penney model
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Kronig Penney Delta Function Approximation

User defined values

Vo= 100 barrier potential in units of g%
a=2100 1 potential well width, units of meters
=02 user defined multiplicative constant for barrier width, see below
wlt) =ta barriet width as multiple of well width, units of meters
FlE) = a+ wlt) thiz is the period of the potential, made function of b since we change later
hbar = 105410 3 bar in units of joule second
mo = 9.11-10_31 free electron mass, units of ky
e¥ = 1602.10° - conversion factar fram eV to joule, units of Coulomb

2-mo-E-eV
wBim F—— Exponent of the potential well solutions

hhar

t(E) = i i Exponent of the barrier solutions
h‘rJa.r2

mo-a-b(@)-'\?o-ev

Poonst(r) = Peonst{f) =1051  This is the constant prefactor P in the delta
hba:2 function approximation.of Kranig Pennay
where % === E and ¢ basically loses E dep
n=1 First zone anly

T
IR P0) femax= 1300  10'° k= —kmax,~0 95 kma. kmax

this is the function whose roots we will determine  this is the range of k space to be evaluated
sinfo(E) F(C))
(B Flt)

gl=1 initial guess for root finding routine, band 1

FlE. k) = Pconst(g)-( ] + cos{a(E-PE)) - cos(kPIC))

gl=15 initial guess for root finding routine, band 2

g3 =40 initial guess for root finding routine, band 3

Ellk,0) = roat{Flgl %, 00,21)  E2(k.0) = root(Flg2 kL), 22) E3(k,0) = root(Flg3.k,0) . 230

80 T T T
EUk.E) a4k 4 -
EXk. 0 teduced zone scheme
Bk o weoen e o
el _mae
| | |
U-4 =3 0 2 4
kEPL)

Figure 15.6: Mathcad numerical solutions to the delta function Kronig Pen-
ney model



231

Periodic Zone Scheme
ol look at 4 zones now
nmn
R ﬁ krax gets redefined hera
k= —kmax, -0 95 kmax. kmax  this is the new range of k space to be evaluated
et (i
2-mo .
EFreeils) = S Free electron energy for comparison purposes
e
a6l T - Il|_
_ 1 o i B band
El(k,2) S Y
s - n gap
EX(k 1) ' {
E3k.0) o ’ 2 band
pss i et TuEE iy gan
EFree(k, '
= .m( ) \ / band
_.-"'""h._fl"‘\:‘x._,-"""“h-._.-v“""m._
g e I
-10 0 10
EF{C)

Figure 15.7: Mathcad numerical solutions to the delta function Kronig Pen-
ney model continued
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A vz

Me /7 /‘ f/wr/zmp/uc/vrr »Z;U”Méﬁff

Figure 15.8: Cartoon of the differences between metals, semiconductors and
insulators.

bandgap of E, = 1.17¢V? How about for a semiconductor with a
bandgap of Fy = 2.5eV?

4. What temperature in K would you need to promote an electron from
the valence band to the conduction band of n insulator with a gap of
Ey = 5eV?

Examples from the literature

Here are selected papers from the literature dealing with one area of nanoscience
or nanotechnology which is the creation of artifical solids with tailored prop-
erties. Crudely one version of this is to use quantum dots as artificial atoms.
When arranged in a periodic manner (basically a crystal) the overlap of the
electron wavefunctions will create user defined optical and electrical proper-
ties as well as the formation of artificial bands as we just described. These
go by the name minibands and have already been achieved in the case of
arrays of stacked quantum wells.
The papers below are listed in no particular order

1. “Architechtonic quantum dot solids”
G. Markovich, C. P. Collier, S. E. Henrichs, F. Remacle, R. D. Levine,
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J. R. Heath
Accounts of Chemical Research, 32, 415 (1999).

. “Nanocrystal superlattices”
C. P. Collier, T. Vossmeyer, J. R. Heath
Annual Review of Physical Chemistry, 49, 371 (1998).

. “Highly oriented molecular Ag nanocrystal arrays”
S. A. Harfenist, Z. L. Wang, M. M. Alvarez, I. Vezmar, R. L. Whetten
Journal of Physical Chemistry, 100, 13904 (1996).

. “Synthesis of a quantum dot superlattice using molecularly linked
metal clusters

R. G. Osifchin, W. J. Mahoney, J. D. Bielefeld, R. P. Andres, J. I.
Henderson, C. P. Kubiak

Superlattices and Microstructures, 18, 283 (1995).

. “Architecture with designer atoms: Simple theoretical consideration”
F. Remacle and R. D. Levine
Proceedings of the National Academy of Science, 97, 553 (2000).

. “Preparation and characterisation of silver quantum dot superlattice
using self-assembled monolayers of pentanedithiol”

S. Pethkar, M. Aslam, I. S. Mulla, P. Ganeshan, K. Vijayamohanan
Journal of Materials Chemistry, 11, 1710 (2001).

. “Miniband formation in a quantum dot crystal”
O. L. Lazarenkova and A. A. Balandin
Journal of Applied Physics, 89, 5509 (2001).

. “Reversible tuning of silver quantum dot monolayers through the metal-
insulator transition”

C. P. Collier, R. J. Saykally, J. J. Shiang, S. E. Henrichs, J. R. Heath
Science, 277, 1978 (1997).
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9. “Optical properties of thin films of Au@SiO2 Particles”
T. Ung, L. M. Liz-Marzan, P. Mulvaney
Journal of Physical Chemistry B, 105, 3441 (2001).



Chapter 16

K - P Approximation
(Pronounced k dot p)

Start with the Schrédinger equation

HY = eV (16.1)
where
h2v2
H=— 16.2
o +V (16.2)

Assume the Bloch form of the wavefunction ¥

T = u(r)ettr (16.3)

Replace this into the above Schrodinger equation.

h2 2 ) )
(— 2Z + V> u(r)e’kr = eu(r)e””
h2v?2

5 u(r)eikr—i-Vu(T)eikT = eu(r)e“”

235
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where

VQ(ueik’") = VVue*"
=V (uikjeikr + eikTVu)
= V (ik:ueikr + Vueikr)
=V (iku + Vu)e*r
= (iku + Vu)ike™ + e*" (ikVu + VZu)
= —k2ue* + ikVue® + ikVue™ + V2uetr
= VZ2ue* — k2ue™ + 2ikVue*”
= (Vzu — Ku+ Qik:Vu) etkr

So

A2 . .
_2_u€zk;r + Vuezk;r — euezk;r
m
h? . 4 4
5 [V2u — ku + QikVu] R 4 Ve = eue*r
m

Divide out e**r

2
—h— [V2u + 2ikVu — k‘2u] +Vu = eu

2m
WPV2u i?kVu  R2k2u
- — + +Vu = eu
2m m 2m
RAV2u ik kVu h2 k2
— — +Vu = (e———|u
2m m 2m
< Ve > ihkVu < h2k2)
— +V)u-— = (e=———|Ju
2m m 2m
Recall now that p = —ihV (Angular momentum operator) so that

h2v? h h2 k2
- +V)u+|—kplu=|le——|u
2m m 2m

Also recall that p? = —h?V? leading to

2 . 272
2m m 2m
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m

where Hy = (% + V) and H; = AEP) - This means that the Schrédinger

equation becomes
(Ho+ Hi)u = u (16.4)

_ 2k

o ) So in general, to start solving this we create the

where \ = (e

Hamiltonian

(ur|(Ho + Hy)lug) = A2 (uq|uz) (16.5)

where the Hamiltonian H is H = (ui|(Hp + Hip)|u2). Then we solve the
secular determinant

|H—X=0 (16.6)

To summarize, the Schrodinger equation becomes

P h
<—+V>u+<—k‘-p)u:)\u (16.7)
2m m

where we explicitly consider the k - p perturbation to the eigenenergies.

Simple 2 band model

Let’s say we have a unit cell function ug that is for the conduction band
(CB) and has s-like symmetry. Also we have a unit cell function u, that is
for the valence band (VB) and has p-like symmetry. We need to solve

(u1|Ho + Hiluz) (16.8)

where Hy = % +V (We know the solutions of these) and Hy = Lk - p.
We ignore spin orbit interactions here and don’t even consider any spin for
simplicity. So we basically have the following 2 by 2 Hamiltonian.

| lus > |up >
<usl| a b
< Uup| | c d

Let’s do the diagonals first.
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Array element a

a = <wug|Hy+ Hilus >
= < wug|Hplus >+ < ug|Hy|us >
= e+ < ug|Hilus >

and < ug|Hi|lus >=< us]%(k-pﬂus > where p = —ihV (momentum opera-
tor). Since V flips the parity of the unit cell function (k - p)|us > (even) =
(odd). Therefore

h
— < uslk - plus >=0
m

such that in whole
a = € (16.9)

Array element d
d = <uy|Ho+ Hilu, >
= < up|Holup >+ < up|Hi|uy >
h

= e+ < up|%k - pluy >

Recall that %k‘ - plup, >= (even) and that u, = (odd). Hence
h
< up|—k- >=0
“p‘m plup

In whole then
d=e, (16.10)

Next, let’s do the off diagonals

Array element b

b = <ug|Ho+ Hilup >
< ug|Holup >+ < ug|Hy|up >
0+ < ug|Hylup >

h h
= <ug|—k-plu, >~A0=—KP
m m
where we define K P =< u4|k - p|up >. Therefore

b= kp (16.11)
m
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Array element c

We can work out ¢ but since the Hamiltonian is Hermitian ¢ will be the
same as b. Therefore

h
c=—KP (16.12)
m
To summarize,
h
€ ~KP
H = y m
(g ")
Now we will solve for the secular determinant |H — A\| =0
h
L P T_'LKP‘ =0
m €v
This leads to solving
h2k.2p2
(es — A)(€y — A) — o E 0
Define 9
2p
=" (16.13)
leading to

(=M= () =

2m m
2
(es — A)(ey — ) — h2:12 e = 0
€56 — Nes — Ney + A2 — h;:j e = 0
2
M= Nes + €) — hZ:: e = 0

The last equation is everyone’s favorite quadratic equation. The solutions
are generally speaking

(e o) & /(6 + ) — 4D [eses — ¢,
2

€s+ € 1 h2k2
= (5721)) ii\/(65+ev)2—4esev+4 syl

(es+€) 1 K2 k2
= ——+ (\[(es— €)% +4 Pyl

2 2
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Recall now that €, = (s — €,) (gap energy) so that the solutions are:

ste) 1 h2k2
Az@iiwe?ﬂ—él%n & (16.14)

and since A = € — h; 755
(€s+€,) RIEZ 1 h2k2
A= + /€244 16.15
2 om o\ T i (16.15)
Conduction band solution
C(este) | RPKE L[, BPR?
€ch = 5 + o + 5\/ € +4 oy P (16.16)

Valence band solution

(es+e) , B2k 1 |, hPK?
_ _ 1 16.1
b > Tam e\ 9Tt (16.17)

You can already tell that the solutions are non-parabolic in k. We can make
some further insightful simplifications usinlg the blinomial expansion and
keeping only the first two terms va + b ~ a2 + %a7§b+ ... when ’bg < aQ‘.

2 gR2K2 . 11 4h2%kK? .
SoJeg T 4G 2 et 5 4506 (assume k is small). Therefore

h2k2 2¢, [ h*k?
6§+4%6p269+6—g <%> (1618)
Leading to
(st ey) k21 2¢, [ h2k?
“@ = T3 Tom 29T Uom
_ (es+€) (es—€y)  h2k? €p h2k?
2 2 2m €g 2m
hk?
_ s (1 N f_p> (16.19)
2m €g
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Likewise for the valence band

(es+€) R2E2 1 {eﬁ 2¢, <h2k2>}

o = Ty Ty T3 |9 \om
(et e)  (es—e) | REE2 €p <ﬁ>
2 2 2m €g \ 2m
h2k? €
R <1 - E—g) (16.20)

Now we can go after the effective masses. For the conduction band

h2k? h2k? ( ep>
=— (142
Zmeff 2m €g

1 _1 (1 N f_p>
Meff M €9

1
€g

Leading to the conduction band effective mass

1
(meff) - (16.21)
m 1+ Ef

Therefore

Likewise, for the valence band

LN ol PR
2meff 2m €g

e
Mepyr M €g

1
€g

Leading to the valence band effective mass

(meff) b (16.22)
m 1— —‘Z—

Therefore
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Now since €, ~ 21 eV typically and also does not vary much between different
semiconductors one can see that the conduction band effective mass is (a)
small and (b) is positive. Likewise, on can see that the valence band effective
mass is (a) small and (b) negative. Although the 2 band model is a large
simplification of reality, generally speaking, m, < my,.

Alternative view of 2 band model

Sometimes you will see people conveniently redefine the energy origin to
simplify the problem at hand. Doing this was not necessary for our two
band model because this 2 by 2 was easy to solve. However, for 4 by 4 or
higher band model it becomes a great convenience. We illustrate this with
the 2 by 2.

Starting with the Hamiltonian

h
(& LKP
H‘(%G) 0)

we again need to solve the secular determinant

|[H—-X=0
€g— A T—’;KP__0
LKp x|
leading to
h2k:2p2
(= NN = = 0
h2k2p2
2 _
—Aeg + A% — - =0
h2k:2p2
V—%A——ET-: 0
As before let ¢, = %%2 This leads to
h2k?
AQ—@A—Qm;pzo (16.23)

We could do this exactly by solving the quadratic equation. However, we
can do some approximations at this point to solve the problem quicker. For
k — 0 (small) we see that the equation reduces to

M —e =0
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or
AA =€) =0

The two k£ = 0 limiting roots are (A = 0) and (A = ¢;) so we will assume
that the actual roots are of this order and will make approximate solutions
to

h2 k2
AQ—egA—%ep_o
h2 k2
AAX—€g) — o ep=0
Solve for )\ close to zero
h2 k2
)\( 69) %GP = 0
2k2

leading to
2.2
A:—Ejl<@> (16.24)

where A = ¢ — % leading to

h2k? h2k? <ep>
b = S — 5 \—

2m 2m \ g
21.2

- Efi—(l-f£> (16.25)
2m €g

This is the valence band energy of the 2 band model where one notes that
the origin is now at zero.

Effective mass of the VB

LR ol PR
2meff 2m €g
1
Meff = ml—EP—
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leading to

m 1
A ¥ _ (16.26)
m 1--2
€g
This is a negative effective mass since ¢, >~ 21 eV and ¢, > ¢, typically.
Now we will do the conduction band energy and effective mass in the next

section.

Solve for A close to ¢,

h2k2
A —€g) — 5 = 0
becomes
h2k?
€g(A —€g) — om P 0
leading to
h2k? (e
A\ = — (L 16.27
ot g () (16.27

Recall that A = ¢ — % leading to

n2k? 22 <ep)
€ = g+ ——+—-— (L

2m 2m €g
h2k2
= gt —(1+2 (16.28)
2m €g

This is the conduction band energies of the 2 band model. Note that the ori-
gin is now at €, rather than at e; (Fermi level) of an intrinsic semiconductor.
Now we find the effective mass.

Effective mass of the CB

h?k? h?k? ( ep>
- 1+ -2
2mefy 2m €g
1
mEff = m 1 + z_p
g
leading to
1
et (16.29)
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This is a positive effective mass since €, ~ 21 eV for most semiconductors
and €, > €.

Last note on effective masses
Since

m 1
el o~ (B
m 1+
g
m 1
ﬂ > — VB
m 1-2
g
You can see that the effective mass will scale with the band gap of the
semiconductor. Small effective masses correlates with a small band gap.
Large effective masses correlate with a large band gap.

A four band model excluding spin

Assume the conduction band is s-like. Assume that the valence band is p-
like. Choose for convenience k = (0,0, k,) so that k- p = k,p,. Ok, now we
know form before that we need to first generate the Hamiltonian

< wup|Ho + Hi|ug > (16.30)
where
2 h2 2
H = Z4tv=- v +V
2m 2m
h
H = —k-p
m

and where p = —thV. This leads to the following Hamiltonian

| Jus > Juz > Juy > |u, >

< ug| a b c d
< Ug| e f g
< Uyl h i
< Uz j

where we have indicated the important array elements with letters. The
others follow because the Hamiltonian is Hermitian. Let’s do the diagonals
first.
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Array element a

<wug|Ho+ Hilus > = < wus|Holus >+ < us|Hy|us >

h
€s +— < us|kzpz|us >
m

= 68
because us has even symmetry in x, y and z. p, acting on u,s changes the
overall parity to odd such that the term dies.

Array element b

< ug|Ho+ Hiluy > = < wug|Hplugz >+ < ug|Hi|ug >

h
= 6+ —< Uz’kzpz’ux >
m

= 61}

Here u, is odd in x, even in y and even in z. p, acting on u, changes its
parity to odd in x, even in y, odd in z. Since < u, is odd in x, even in y and
even in z, the z components cancel.

Array element c

< uy|Ho + Hiluy > = < uylHoluy >+ < uy|Hi|uy >
h
€y + pon < uylkops|uy >
€v

Here u, is even in x, odd in y, even in z. p, acting on u, changes its parity
to even in x, odd in y and odd in z. Since < u,| is even in x, odd in y and
even in z, the z components cancel.

Array element d

< wuy|Ho+ Hilu, > = < wuz|Hpluy >+ < uy|Hi|u, >
h
€y + — < uz|Hilu, >
m
= G,U

Here u, is even in x, even in y and odd in z. acting on u, changes its
z Y z z

parity to even in x, even in y and even in z. Since < u,| is even in x, even

in y, and odd in z, the z components cancel.
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Summary
<us]H0+H1]us > = €
<um\H0—|—H1]ux> = €y
<uy|Ho+ Hiluy > = ¢
<UZ‘H0+H1‘UZ > = €y

Now for the off diagonals
Array element e

h
<wug|Hilug > = m < us|kzpzluz >

=0

Here u, is odd in x, even in y, even in z. p, acting on u, changes its parity
to odd in x, even in y, and odd in z. Since < ug| is even in x, even in y and
even in z, the x and z components cancel.

Array element f

< uS\H1|uy > = < Us|kzpz|uy >

h
m
0

Here u, is even in x, odd in y and even in z. p. acting on u, changes its
parity to even in x, odd in y and odd in z. Since < u; is even in X, even in
y and even in z the y and z components cancel.

Array element g

h
SuslHfus > = — <uglkpslu. >

h
= —KP
m
Here u, is even in x, even in y and odd in z. p, acting on wu, is even in x,
even in y and even in z. Since < ug| is even in x, even in y and even in z

none of the terms cancel.
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Array element h

h
< u:,;|H1\uy > = E < Uac‘kzpz‘uy >
=0

Here u, is even in x, odd in y, and even in z. p, acting on u, changes its
parity to even in x, odd in y and odd in z. Since < u,| is odd in x, even in
y and even in z everything cancels out.

Array element i

h
< ug|Hilu, > = - < Ug|kopz|uy >
=0
Here u, is even in x, even in y, and odd in z. p, acting on u, changes its

parity to even in x, even in y and even in z. Since < u, is odd in x, even in
y, and even in z the x components cancel.

Array element j

< uy!H1|uz > = < uy|kzpz|uz >

c3 s

Here u, is even in x, even in y, and odd in z. acting on u, changes its
z 9 9 4 z

parity to even in x, even in y and even in z. Since < u,| is even in x, odd in

y and even in z, the y components cancel.

Summary

< ug|Hilug > =
< ug|Hiluy > =
< wug|Hilu, > =
< ug|Hiluy > =
< ug|Hilu, > =
<uy|Hiluy, > =



The desired Hamiltonian is then

€s 0 0 Lrkp
0 € O 0
0 0 €
LKP 0 0 e

H =

Solve the secular determinant now.

es—A 0 0 Lkp
0 e-XA 0 0 |_,
0 0 e—-XA 0
Lgp 0 0 e—A

There are many ways to do this. One way looks like
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e&—XA 0 0 B 0 LKgp
(es—AN)| O €y — A 0 |——KPle,— A 0 |[=0
0 0 e-A " 0 e—-XA 0
leading to
h 0 LKp
_ a3 _ _
(es — A)(ey — A) —l—mKP(ev A) o\
h h
(es—)\)(ev—)\)?’—EKP(EU—AFEKP =0
21.2,2
(Q—AX%—AP—hZf(%—AP — 0
h2k2 27 9 2
(ep — N)? {(es—)\)(ev—)\)— m2p = 0 where ep:%
B2k (2p2\]
v= A (s = N(ew =N —5—(=—]| =0
(6= N2 e = Wl =0 - 5 (2
R?E?
(€r — N)? [(es —A)(ey— A) — 5 | = 0

There are two immediate solutions that are apparent in the first term, A; o =

€y
h2 k2

N
h2k2

€ = —+6

(16.31)

(16.32)
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To get the other solutions we must solve
h?k?
2m

You can do this exactly but let’s be smart. One solution is of order €. The
other solution is of order e,.

(es — A)(€y — A) — ep =0

Solution 1 (of order «¢y)

h2k?
(es — A)(ey — €5) — 5 = 0
27.2
(es—A) = PR where €, — €, = —¢g4
2m (€, — €5)
h2k2
(s — ) = ————(@>
2m \ g
This results in
h2k?
Ab = €5+ —— <@>
2m \ &
h2 k2
€ = %+———<L+@> (16.33)
2m €g

since A = € — h;—fj This is the desired conduction band energy.

Conduction band effective mass

h2k? _ h2 k2 L
2meff 2m €g
Meyff 1 (
=— 16.34)
( m ) 1+ é
Solution 2 (of order ¢,)
h2k?
(65 — €y)(€y — A) — 5 = 0
2,2

(ev_)‘) = ﬁ @

2m €5 — €,

(-n = 2K (—”)

2m \ g
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This results in

h2k? €
= — (12 16.35
o “r 2m < €g> ( )
since A =€ — % This is the desired valence band energy.

Valence band effective mass

h2k? _ h2k? L&

2m€ff 2m €g
1

(") - 030
€g

Kane model, (8 x 8)

Given the basis
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where
€s 0 KP

0
A A
0 -5 V25 0
kP Y22 0
0 0 0 e+%
and where the positive constant A is the spin orbit splitting of the valence
band.

H =

ih
P = —— <s|ps|z>
m

A B oV v
= 22 \"or oy "

Note that the vector k is taken along the z direction for convenience.

To solve this, choose €, = —% to simplify things

€s 0 kP 0
2 V2
_ 10 _\/EA A0
kP 2N -2 0
0 0 0 O
Now solve the secular determinant
€s — A 0 kP 0
0 —3A-x A 0|_,

Y N L

0 0 0 —-A

So by inspection, the trivial solution is A = 0. Since recall A = ¢ — 7122—722 the

desired energy is
h2k?
= —— 16.37
€= 5 (16.37)
Now we go back for the other three energies. Basically this entails solving

the following secular determinant

€s — A 0 kP
0 —2A-x ¥ZA |=0

kP M2A 0 A )

which becomes

“IA - L2A —2A -
=N 73 3 kP 3 —0
(& =) n AT e 2
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This then becomes

(€5 —A) [<§A+A> (% +)\> — g&} + (kP)? <§A+)\> =0
(s — NN + AN + (kP)? <§A+)\> _ 0

(A= e+ A) — (kP)2 @A 4 A) ~ 0

We have now the following
A =0
2 2 (2

where remember that we chose €, = — % to simplify the problem. These are
also equations 9 and 10 from Kane’s paper. J. Phys. Chem. Solids, 1, pg
249.

Now we want the actual energies. So first assume that & is small (alter-
natively that k? is really small)

A — €)(A+ A) + small terms = 0

So we can see right away that the three desired energies will center around

A =0
A = €
A= A
Choose A = 0, A = €, and A = —A successively and solve the above equation.

Case where A\ =0

M—e)(d) = k2 (%)

3

2 22
AM—€esA) = kp §A
2k2p?

A= 3€s

where recall that A = ¢g — h;—g leading to

k2 2k%p?
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This is the first of our desired energies and is actually associated with the
light hole.

Case where )\ = ¢,

(O —e)(e+A) = K2 (§A i )

(A—e)) = k2p? 2A 4+ 3¢,
T egles+ A) 3
D—e) = k2p? [ 2 + 3¢,
o3 \es(es+A)
O—e) = E2p? [ 2(es + A) + e
3 3 es(es + A)
e = k*p? [ 2 Lt
) = 3 €s €5+ A
2,2 272
A = €+ k:_p z + ! where recall that A = € — ﬂ
3 €s €5+ A 2m
h2k? N k2p? [ 2 N 1
E—— = €+— | —
2m 3 €s €s + A
yielding
k2 k%p? (2 1
—e,t— 2 (2 16.39
€ e—|—2m+ 3 <€S+65+A> ( )

This is another one of our desired energies and is ultimately associated with
the conduction band energy.

Case where \ = —A

AA+e)(AN+A) = k*p? (%A—A)

E2p? 2 3
A+A) = P (ZA_2A
A+A) = Xa+ey (3 3 >
k2p? A
ApA) = P (2
(A+4) A(es—i—A)( 3>
k:2p2
e )
2,2 21.2
A = —A—kipwhere)\:e—ﬁ

3(es + A) 2m
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This results in
th,Q k2p2
o2m  3(es+ A)
This is the last of the three desired energies and is associated with the split
off band. We can also toss in the trivial solution A = 0 which gives
hk?
= — 16.41
€= (16.41)

e=—-A+ (16.40)

This is the fourth and last energy and is associated with the heavy hole
band.

Alternative expressions
For
2
A =€) A+ A) — k2p? (55 + A) =0

2mp?
7-12

where €, = one can also write and solve for the expression

K2 k2 2
. A) — A =
AA—€)( A+ A) 5 P (3 —I—)\) 0

Case where A\ =0

M@ = B (2a)

2m
k2 €, (2
N = — P [ZA
2m Aes (3 >
leads to -
Rk 2e
N=——— [P 16.42
2m <363) ( )

This is our alternative expression for the light hole band energy. Rearranging
this as follows gives the effective mass

I o <zep>

2mefy 2m  \ 3eg
1 B 1 <2€p>

Meyff m \ 3€s

e,
m = —-m|—
eff 2¢p
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Resulting in

Mesf _ 36
m 2¢p

This is the effective mass of the light hole.

Case where )\ = ¢,

21.2 9
)\()\—63)()\+A)—h2:l 6p<§A+>\> = 0
21.2
es(A—€5)(es +A) = %
21.2
D—e) = hok
(A —€s5)

2m es(es + A
2k 6 (€ + 54

2m

This leads to

A=¢€s+

B2 e, (s + 2A)

2m  es(es + A)

(16.43)

(52 +¢)

(16.44)

This is the alternative form of the conduction band energy. To get the

effective mass we evaluate

h2k? R’k e (€5 + 34)
2me s - om es(es + A)
1 1l (es + %A)
Meff N E 63(65+A)
es(es + A)
Meff = M

€p (68 + %A)

or

(meff) . 65(63+A)
m €p (€8+%A)

This is the effective mass of the conduction band.

(16.45)



257

Case where \ = —A

21.2
A(A—es)(/\+A)—h2:1 ep<§A+/\) =0

AA T e)(A+4A) = h;:jep <§A - §A>
2
A+4) = Z:jA(AEi es) <_%>
A+4A) = —fi—fg(:ﬁ
This results in 122 )
A=—-A— Dy m (16.46)

This is the alternative expression for the split off hole energy. Now for the
effective mass

R o R
2Mepr 2m 3(A +ey)
1 _ 1 &
Meff N m3(A + es)
3(A +ey)
Meff = —M————
€p
or
(meff) _ _3(Ate) (16.47)
m €p '
This is the effective mass of the split off hole.
Alternative expressions deux
Assume here that A > kP and A > ¢, in the original expression
2
A =€) (A + A) — k?p? ()\ + §A> =0 (16.48)

So basically this is kind of already forecasting the solutions of this problem.
Namely, that there are two bands close to the valence band edge and one
band way way removed from them by A. Also recall that we already have
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the trivial solution A = 0 which gives the energy of the heavy hole band. So
there are four total solutions.

Solve here for the two valence bands (light hole and split off hole) by
assuming A > A in the above equation.

A = €,)(A) — k*p? <3A> = 0divide out A

3
2k22

AN — €g) — 3p - 0
2k22

A2 — g\ — 3p -0

This last expression is a quadratic equation whose general solutions we know.

€, + \/eg +4(1) (%ﬁ)
2

A:

Recall that A =€ — % leading to

€ 1 8k2p?
A= L y/e2 16.49
> T3Vt T3 (16.49)
(this is equation 13 in Kane’s paper) from which we get

1 8k2p?
Ay = 6—29 +5 €2+ P~ conduction band (16.50)

1 8k2p?
Y 6—29_ sV P” Jight hole band (16.51)

Now we go back for the split off hole band energy
2,2 2
AA—€))(A+A) —Ep <)\+§A> =0
Assume that \ is of order —A to get
2
~A(=A =) A+ A) — E*p(—A + 38) =0

Solve for \.
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A+ a)0+8) = # (-3)

3
k2p2
A+A) = ————
( ) 3(A+¢g)
k2p2
A= A———— 16.52
3(A+¢) ( )
R2k? ; ;
where recall that A = €5, — &~ This results in
h?k,? k.2 2
€oon=—Af—— — L (16.53)

2m  3(A+¢y)

Summary (A large)

RPE? e, 1 8k2p2
- 7 _ 2
Ccb om 2 T3\t 3
h2 k2
€Enh = —2m
h2 k2 L 1/, N 8k2p2
€ = — + = — —\/€
L om 2 2V 3
h2k2 k‘2 2
€soh = —A+ - 4

2m  3(A +¢y)

Note that apart from the heavy hole, all bands are non-parabolic. Also recall
that the heavy hole solution came from the trivial solution A = 0.

Relevant reading

e “Band structure of indium antimonide”
E. O. Kane J. Phys. Chem. Solids. 1, 249, 1957.
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Chapter 17

Tunneling

Potential step

This is the simplest example of tunneling. Picture the following potential
step.

? i ' ,‘/ | % /'/
@, @ S ¢

/
e
; N /’/ ',/ . A /
7 s /'/ v”f /
vy / / / ,f‘f

/ / & y ’ # /

, f
— S— '>

Figure 17.1: Cartoon of the potential step

The Schrodinger equation is

"2 d20

_%W +V\I’ =eV¥

This can be rearranged as follows.

261



262 CHAPTER 17. TUNNELING

In region 1 where V =10

K2 d2w
TOmdx? (e=-V)¥
A2 2m
EroR
a2v o,
5 HET =0

where k2 = 27% Solutions to the wavefunction are
Uy = Aeth® 4 Bemike (17.1)
In region 2 where V is finite, there are two cases.

e Case 1: e >V

e Case 2: e <V

Case 1: (e >V)

A \/\/\/\/\/'\--/”>

//// //

_ e

Cz>Vv)

Figure 17.2: Behavior of the wavefunction in the potential step case where
e>V
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—%%—FV\I’ = V¥
—%% = (e-V)¥
% = —Qh—?(e Vv
%+¢2qf = 0

where ¢? = M;{—Vl Solutions to the wavefunction for this case, in this
region, are

Uy = Ce'?® 4 De 0® (17.2)

Case 2: (e <V)

[5<v)

Figure 17.3: Behavior of the wavefunction in the potential step case where
e<V
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h? d*v
—— 4+ VU = U
2m da? + c
h? d?V
2= — VU
2m dx? (e=V)
L 2m
pr eACh Ok
L 2m
@ = gV
2v o,
preR
where % = % Solutions to the wavefunction for this case, in this
region, are
Uy = Ce’® 4 De P (17.3)

Now in order to proceed, we need to employ the matching conditions for
the wavefunctions. The matching conditions are:

1. T4 (0) = T5(0)

’

2(0)
Furthermore, the wavefunction must be finite valued. That is, the wave-
function can’t blow up or do strange things.

2. U (0) =0

Transmission and reflection coefficients; ¢ > V
The wavefunctions in this case are
U, = Ae*® 4 Be~tke
Uy = (e 4 De 0

Since there are no sources of particles on the right to support a left going
wave, D = 0. The wavefunctions become

U, = Ae*® 4 Be ke
\IIQ = C eim
Apply the matching conditions. First one

Ui(0) = Uy(0)
A+B = C
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Second matching condition

/ /

1(0) = ¥y(0)

Aike™™ — Bike ™™ = (Cige'?®
Aik — Bik = Cig¢
k(A—B) = ¢C

Now take the resulting equations and solve for A and B

A+B = C
_ 9
A—-B = kC
!
_ ¢
24 = C<1+k>
_ ¢ 4
A = 5 <1+k‘> (17.4)
Next B
A+B = C
9
—-A+ B = _EC
!
_ ¢
= ofi-9)
_ ¢ ¢
B = §<1_E> (17.5)

Now the incident “flux” of particles from the left onto the potential step is
v1| AJ? (17.6)

where v; is the velocity in region 1 and |A|? is the relative probability of a
right going wave in region 1. Similarly

v1|B|? (17.7)

is the reflected flux at the potential step where again vy is the velocity in
region 1 and |B|? is the relative probability of a left going wave. Finally

va|C|? (17.8)
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is the transmitted flux where vy is the velocity in region 2 and |C|? is the
relative probability of a right going wave in region 2.
The fraction of particles reflected is therefore

R o_ wlBP _ B|* BB
T wlAR T |A] T A4
2
02
(1-3)
R = ——2

4

2
C2
2 (1

_ (k—gn)?
R={72:>0 (17.9)

So oddly enough, this is non-classical. Some reflection occurs even though
e>V.

Next, the fraction of particles transmitted is

o wlCP _gleP _ 0
T ou|AlZ kA2 o2 2
4¢ _ 4K%9

k:(1+ %)2 - Kkt )7

resulting in

T = (ﬁ’jj)—z 40 (17.10)

Transmission and reflection coefficients; ¢ <V

Recall that the wavefunctions in this case are

U, = Aek* 4 Be k=
Uy = CeP? 4 DeP”

where k = \/ % and 0 =4/ % Now recall that the wavefunction in

region 1 and 2 must be finite valued. This means that C' = 0. Can’t have
something blow up here. Therefore

U, = A 4 Bemike
Uy = De "



Apply the matching conditions now. First one

Ui(0) = Uy(0)
A+B = D

Second one

i ’

‘1’1(0) = ‘1’2(0)
ikA—ikB = —p8D
ik(A — B) = —06D
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Now take the resulting equations and solve for A and B. First let’s solve

for the A coefficient.

A+B = D
A-B = ——D

24 =

Now let’s solve for B

A+B = D
—-A+B = ﬁD
ik

2B = D(l—i—,ﬁ)

ik

D B

B = —|(1+=—

2<+ik>

From before, the relevant fluxes are

U1 ’A|2 (leftgoing)
v1|B] 2 (rightgoing)

va|D| 2 (transmitted)

(17.11)

(17.12)
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CHAPTER 17.

The fraction of particles reflected is

R

However the fraction transmitted is

giving

_ wlB? |B|? B'B
T w|AZ T |A| T A4
£(1+4) (- 4)
T D 5 5
2(-4) (8
D2 132
_E(ef)
T p2 2
(8
=1
T w|DP? _ BIDP?
uAP kAP
_ pD?
D2 2
kD2 (1+,f—2>
_ 45
K1+ %)
4Bk
T'=togm 70

TUNNELING

(17.13)

This gives a non-classical result. There is some probability of finding soeme-

thing in region 2.

Potential barrier

From the last section we know that the wavefunctions have the following

form.

vy
vy
vy
U3

Aeikm + Be—ikm

Ce'® + De™ % (- > V)
Ce’ + De ™ P% (c < V)
Fez’kx 4+ Ge—ikx
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V
= i / / / ) Y .
/ g
gi ;7
. e S, %
X

Figure 17.4: Cartoon of the potential barrier

where k2 = 2%"—25, P = M};—_VZ’ and 3% = MEVQ—‘Q Now as before we apply
the matching conditions to the wavefunctions to solve for the coefficients
and in turn for the transmission (T) and reflection (R) coefficients.

Case 1: (¢ > V)

Figure 17.5: Behavior of the wavefunction in the potential barrier case where
e>V

Assuming that there is no source of particles on the right then G = 0.
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The wavefunctions in the three regions become

\1’1 — Aeikx+Be—ikx
Uy = (9% 4 De 9
U3 = Fe*

Apply the matching conditions at x = 0. First one

U(0) = Wa(0)
A+B = C+D (17.14)

Second one

!/ /

‘1/1(0) - ‘I’2(0)
Aik — Bik = C(Ci¢ — Di¢g
¢

A-B = 2(C-D) (17.15)

Apply the matching conditions at = a. First one

\1’2 (a) = \113(a)

Ce? D700 = Fetha (17.16)
Second one
Clide'?® — Dige™ % = Fike'te
Cel®® — Dpe™ 9 = Fkeiha (17.17)
Solve for A.

A+B = C+D
A-B = —C—%D

= clort)sn(e-t)

D
_ ¢ o\ D ¢
A = §<1+E>+5<1_E> (17.18)
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Solve for B.
A+B = C+D
¢, @
—-A+B = —— —D
+ kC + A
!
¢ ¢
2B = C(1—-= Dl1+Z
( A + + 2
C D
B = E(1—%>—i—§<1—i—%> (17.19)
Solve for C.
Cei¢a+De—i¢a —_ Feika
Coe'® — Dpe™*** = Fke'*®
!
Coe'® + Dpe™ "% = Fee'™
C¢ei¢a _ D¢6_i¢a — er’ik’a
!
200 = F(k+ ¢)e't
= F%em(l’“_d’) (17.20)
Solve for D.
Cei¢a+De—i¢a — Feika
_C¢ei¢a +D¢€_i¢a — _erika
!
Coe'® + Dge™ "% = Fee'™
_C¢ei¢>a _i_D(bef'Ld)a _ _erika
!
2Dge " = F(¢—k)e'™
D = F%ew%@ (17.21)

Now that we have expressions for A,B,C,D all in terms of F, let’s re-express
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everything in terms of F. From before

_ 1 2N lp(i_¢2
A = C<1+k)+2D<1 k)

1
= F

F
4¢

k+¢ w,k ¢)<1+?)+1F¢ qbk k+¢>)(1 %)

26 k

((k + ¢) < Z:) gia(k—¢) (6 — k) (1 _ %) eia(k+¢>)>

_F ((k +O)E+9) iae—g) _ (k= )k~ 9) 6m(k+¢>)>
4¢

k k

- ot
_ ]Z:;a (k26_1a¢+2k,¢e—za¢+¢2 —iah _ 26106 | 9 peiad _ 42 za¢>
_ ii;a ( ( B e‘i“¢) _ (eiaqb B 6_m¢) + 2k (em¢ i 6—m¢))
- ‘;Z <4k¢7em¢ J;e_m — ik 4 ) T _Qie_im)

This gives our desired expression for A

Next we do

B =

Feikzz
T T4ko

() (2

+¢) w,k ¢)< ?) +1F¢_kela(k+¢) (14_?)

(4kgcos(pa) — 2i(k* + ¢*)sin(pa)) (17.22)

k) T2 24 i

( (k+ ) < ) (=) 4 (6 — k) (1 i %) ew<k+¢>>

¢
F ( (k + qb )(k— o) pialk—¢) _ (k= ¢)(k+ ¢) 6m(k+¢>)>
4¢ k

4;) ((k: _ ¢2)eza k—¢) (k2 — ¢2)em(k+¢)>

2iF (k* — ¢?) cika (eia¢> — eia¢>>
21

4k
20F (=K + ¢*) o (-0 + 0
4k N 2i
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giving us our desired expression for B
B iF(¢? — k?)
2k¢

Now (finally!) we can evaluate what the reflection and transmission coeffi-
cients are. From before the relevant fluxes are

e sin(pa) (17.23)

1}1|A|2 (leftgoing)
1}1|B|2 (rightgoing)
113|F|2 (transmitted)

The fraction of particles reflected is

. w|B*> _|B] BB
vi|APR T |A| T A*A
2042122
PR 2 ga)

%z (16(k¢)2cos?(pa) + 4(k? + ¢?)sin?(pa))

R = s it es (17.24)
The fraction transmitted is
_ us|FP?
v1|AJ?
where note that v3 = v1. Therefore
T — @ _ *F
|A]2 A*A
- 16(k¢)?
16(k¢)2cos?(pa) + 4(k2 + ¢2)2sin2(¢a)
1

= 17.25
cos?(pa) + %ﬁsinz (pa) ( )

Now we could stop here, but usually in many textbooks they expand this
out a little further. Recall that

2me

2

S
2m(e = V)

2

A
4m?

(k¢ = Zrele—V)



274 CHAPTER 17. TUNNELING

This leads to

1
! cos?(pa) + %zﬁsm%g{)a)

_ 1

cos?(¢pa) + %ﬁsm%(ba)
_ 1

cos?(¢pa) + ﬁi;‘gﬁ sin?(¢a)
B 4e(e = V)
© de(e — V)cos?(pa) + (4e2 — 46V + V2)sin?(¢a)
B de(e = V)
" 4e2c05%(pa) — 4V cos?(pa) + 4e2sin?(pa) — 4eV sin2(¢a) + V2sin?(pa)
B de(e = V)
 (4e% — 4eV) + VZsin2(pa)

de(e = V)

4e(e = V) + V2sin?(pa)

This leads to the standard textbook expression

T = L (17.26)

2
1+ 45(‘517—\/)5”12 (¢a)

Case 2: (e < V)

Now rather than doing all this math again, one can be smart about this.
Just note that 3 = i¢. So take our previous results from case 1 and just
replace ¢ with i¢. (We just analyze the transmission coefficient since this is
what we really care about). Another tortuous math workout. Starting with
the assumption of no sources on the right (G = 0), the wavefunctions are

\:[11 — Aeikx +Be—ikx
Uy = CeP* 4 DeP”
\:[13 — Feik’x

Apply the matching conditions at © = a. First one

U(0) = Ws(0)
A+B = C+D (17.27)



275

Figure 17.6: Behavior of the wavefunction in the potential barrier case where
e<V

Second one

Ty(0) = Wy0)
A-B = g(c—p) (17.28)

Apply the matching conditions at x = a. First one

Uy(a) = Vs(a)
CeP + De=Pe = [ethe (17.29)

Second one

Uy(a) = Ty(a)
o
CePa — De=Pe = Zpeike (17.30)
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Solve for A
A+ B C+D
B
A—-B %(O D)
B B
2A 1+ — D(1-—
C( +ik + ik
C 5 D B
A “ 1+ )+ = (15
(1 2)+50-%)
Solve for B
A+ B C+D
g
—-A+B — (- D
+ Zk( C+ D)
g g
2B C(l T +D 1+z’/<:
C g D B
B “(1-=)+= (142
S (1-5)+ 30+ %)
Solve for C
CeP + De7Pe = Feika
CePr — DePo — ﬁFeik“
B
1
20ePs = F(l%—ﬁ) etka
B
_ E % ika—Ba
C = 5 (14‘6)6
Solve for D
CeP + DePe = Feika
_0650+D6—5a — _@Feika
B
!
N
2Def0 = F(1—Z—> ¢ika
B
_ F ik ika+fa

TUNNELING

(17.31)

(17.32)

(17.33)

(17.34)
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Now we have a relation for A in terms of C' and D. Replace the above
C and D expressions into A to obtain A as a function of F' (we did B just
for the sake of completeness).

_ F ik B tka—Ba F _ % _ E ika+Ba
F ) D )2

4

F ﬁ ’Lk ika—p3 F /B Zk; ika+ 03
- (94 ika—Ba i () W ika+Ba

4<+zk+ﬁ) +4( ik 5)°¢

_ L ika B kY pa _ B kY sa
= e ((“@/ﬁﬁ)e +<2 = ﬂ>e> (17.35)

Now from before we know that the transmission coefficient is

2 *
T — F _ F*F
A A*A
B 16
- N2 N2 . .
C+a+%) +(2-2-%) +2(2+4+%) (2- 4 - %) cosh(260)
B 16
- 2o\ | (o _ ) F B ) (- b
(2 + "G ) + (2 Ak ) ( + ) ( = ﬁ) cosh(2fa)
B 16
B (82 —k2)? =
R (4 - ) cosh(25a)
16
2(82—k?)? 2(8%2-k2)2
(8 - W) (8 + (ﬁk) ) cosh(25a)
it gets ugly here but can be simplified to give
B 16(Bk)?
~ 8(Bk)2(1 + cosh(2Ba)) — 2(8% — k2)2(1 — cosh(28a))
Now use the relation cosh(2z) = 1 + 2sinh?(x) to get
B 1
= —
1+ (ﬁ(;:)g) sinh?(fa)
where % = %/;—E), k? = 2—"5—5, and (Bk)? = %‘/7—5). This leads us to
our final textbook expression
T = L (17.36)

7
1+ﬁ5 sinh?(Ba)




278 CHAPTER 17. TUNNELING

Again T # 0 and we obtain a non-classical result.

Exercises

1. A conduction electron in a semiconductor can be described as a free
particle in a constant potential with an effective mass m.. Both
the constant potential and the effective mass are material dependent.
Consider the following idealized one dimensional system where semi-
infinite slabs of semiconductors A and B are joined together. (See Fig-
ure 17.7) Assume that one of the matching conditions is mLA\If A(0) =
miB\Il B(0). Also assume V, > 0. (A) Find the transmission coefficient
T for E >V, for a right going wave. (B) Now assume that mp < ma4.
Show that an appropriate choice of incoming energy F yields complete
transmission (7= 1). Is there such an energy if mp > ma. (C) Show
that for V, = 0 and m4 # mp, T is always less than unity.

A B
9% (wy) z'/'

o

v=o)~x<o
VeV, ; X >0

Figure 17.7: Semiconductor junction



Chapter 18

The WKB approximation

Preliminaries

Here we derive the WKB form of the wavefunction. Starting with the
Schrodinger equation in the regime where ¢ > V'
2 72
_;_m% +VU = c¥
h? d*V
" 2m da?
d?v 2m
dz2 — p?
d°v  2m
W
Let k2 = 22(c — V) so that we get

hQ
A2
—— 4+ kT =0
dx? +

(e—V)U = 0 (18.1)

Now in general, if the potential is slowly varying, then both the amplitude
and the phase of the wavefunction will change. The general form of the
wavefunction is

\I/(x) = A(x)e“b(x) = Aei‘b (shorthand) (18.2)

So we insert this form of the wavefunction into Schrodinger’s equation above.
To begin we evaluate some derivatives that we will need. First derivative

av

—— = Aie"¢ + A
dx

= (A +iAg)e” (18.3)

279
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Next we do the second derivative
2
\I/ A ! . i . 1" 1" i !
fz? = (A 4480 4 (A 4 iAg +ig A)
= ((iA¢ —AP?) e+ (A" +iAg +igp A)e?
= (2i4'¢ —Ap?+ A" +iAg e
= (A" +2iA'¢ +iAd" — Ap?)e™ (18.4)

.. . . . A2 2 -
Replace this into the above Schrodinger equation; <— + k“¥ = 0
(A" +2iA' ¢ +iAg — Ap?)e + K2 Ac® =
A"+ 2iA¢ +idy —APP+EKPA = 0 (18.5)
Group the real and imaginary terms. First the real terms

A" —Ap?+K2A = 0

A" —Ap? = —kA (18.6)
Next the imaginary terms
24 ¢ +iAg
2Al¢)/ +A¢” _
(A%¢) = 0 (18.7)

Now we want to solve for A,¢ so we can have an explicit wavefunction. Solve
the imaginary equation first

(A4%) = 0
Azgf)l = C? (a constant)
C2
A2 = =
¢
C
A = - (18.8)
Ve

The real part cannot be solve exactly. However, if A varies very slowly then
A" is very small and can be ignored.

A" —Ap? = —k*A
—A¢? = —k%4A
_¢/2 _ _kQ

¢ = +k

¢ = i/kdm (18.9)
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Put these two expressions for A and ¢ back into our wavefunction

U = Ae?
= Csif (18.10)
Vk
This is the desired form of the WKB wavefunction in the case where e > V.
In the case where € < V the WKB form of the wavefunction is

Y = Lt frd (18.11)
VB
which is basically the same as the first case but where we just replace k with

if3.

Arbitrary potential step

Using our just derived WKB wavefunctions we evaluate the following arbi-
trary potential step (e < V).

0

£ ~- - - mene

Y]

Figure 18.1: Cartoon of the arbitrary potential step

The wavefunctions in region 1 and region 2 are, in general

A .o B i O
U, = _el.fz kdr _6—1._[1 kdz G here (z <0)
vk Vk
T D x
Uy, = £6J0 Bdx + —e_-FO Pz here (z >0)

VB VB
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Because we can’t have the wavefunction blow up in region 2 (C' = 0). The
wavefunctions are therefore

A o B )

v, = —¢ Jo bz + et kT pere (x <0) (18.12)
vk vk
D @

Uy, = e Jo B pere (x> 0) (18.13)
VB

Now consider a linear approximation to the potential between region 1 and
region 2

V=e+Vuz (18.14)

First we determine the patching wavefunction in the boundary, no man’s
land, between region 1 and region 2. Starting with the Schrodinger equation
~h*d*v,
2m  dx?

+V¥,=¢eVY,

where V =¢ + V' 2. This reduces as follows

h? d*W :
™ d$2p + e+ V), = ¥,
h? d2v,
- /-
2m dz? Vil 0
2, 2mV’
=R
>, 2mV’
2 2 x¥,
Let o = QT;LLZV leading to
d*v
deP = a3x\I/p
Now let z = ax leading to
d?v
721” =2V, (18.15)

This is Airy’s equation whose solutions are called Airy functions. General
solution is a linear combination of Airy functions, A;(z) and B;(z). The



asymptotic forms of Airy functions are for (z < 0)

1 .2 3w
Ai(z) = i ism(g(—z)2 + Z)
Bi(z) = ! cos(g(—z)g + %)

and for (z > 0)

1 2.3
Ai(2) = e s’
2\/mz1
1 3
Bi(z) = e3??

Now
U, = ad;i(z) + bB;(z)
where a and b are constants. Now in region 1

J— 2m(e = V)

where V = (¢ + V')

N
where recall that o = <2mV ) ’,

In region 2
2m(V —¢)
h2

2mV’
VeV

283

(18.16)

(18.17)

(18.18)

Now go back to the wavefunctions in region 1 and region 2 and make

them more explicit.
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Region 1
A o B )
U, — _ez_Fz kdm+__e—sz kdx
YTV NG
andk::oz%\/—:c
v o= — A i f by i B i f oby=ade
aZ(—x)Z aZ(—z)Z

evaluate integral by letting y=-x, doing the integral and then renaming y as x

= 3 A T 623_1(70‘1)% + 3 B T e~ 2 (70433)%
at(—x)1 at(—x)1
A i 3 B i
= _e3(an)? _em3 (e (18.19)
Va(—az)i Va(—ax)i
Region 2
Uy = EG_JOIﬁdx
where = a%\/a_:
\IIQ = ? (& '-F(;E Vads
oaxra
D 3
_ e~ 3(aw)? (18.20)

\/a(a:c)i
Now at this point, compare these explicit wavefunctions to the patching
wavefunctions in regions 1 and 2.
Region 2 (x > 0)(z > 0)
U, = adi(z)+bB;(2)
a
frng 1 e %Z +

2\/%21 \/7?2%

compared to

2 3
Uy = ———ea)?
Va(ar)t

By inspection, one can tell immediately that

b = 0 (18.21)

a = 21)\/E (18.22)
[0
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Now go back and do the same comparison in region 1
Region 1 (x < 0)(z < 0)

where
1 2
AZ(Z) = I Sln(—(—z)% + E)
Vr(—2)1 3 4
1 G203 4T) i T
C VA(-2) %
(—2)7 \20V7 NG
yielding
1 Del% 2i 3 De—l% 0 3
Y= ; e (72— 2 e~ 3 (=2)7
T (o (z\/E 7
versus

Y= (—alx)i<

Now by inspection
A = —iDe'i (18.23)
B = iDe i (18.24)
Now put everything together for the WKB wavefunctions we showed at the
beginning of the section

A o B .40
U, = _el.fz kdz + —efl'fw kdr Ghere (z < 0
TR VE (r<0)
D z
Uy, = e Jo Bl e (x> 0)
VB
where now A = —iDe'7 and B = iDe "1 to get
2D s 0
U, = —sin(— —i—/ kdx 18.25
Vo= Spsin(p+ [ k) (18.25

D z
Uy = —¢ Ko (18.26)
VB
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Arbitrary potential drop

"

/

[

i ,
{

¢

{

i ;
ri " .
pa 717‘5//15, /ij re
Figure 18.2: Cartoon of the arbitrary potential drop

Using our derived WKB wavefunctions we have the general form in re-

gions 2 and 3

C 0 D 0

Uy = —e-rfv pdx + —67Jw Bz here (z <0)
i VB
F . x . T

\1/3 _ _kezJO kdzx + %6_7'!0 kdzx where (z > 0)

Since we can’t have the wavefunctions behave badly, C' = 0 to prevent it
from blowing up in region 2. This leaves us with t wavfunction forms

D 0
Uy = ——¢ fobd (18.27
NG )
U, — —@l-FO kdz 4L J kdz
’ VE VE

Now consider an approximation to the potential in the region between 2 and
3 of the linear form

V=_(-Vua (18.28)

First we determine the patching wavefunctions in the region between 2 and 3.
Starting with Schrodinger’s equation (if you went thorough the last section



287

all of what follows will be familiar)

h? d*v,
—% dx2 ‘l‘V\I’p = €\I’p
h? d*0 .
—% dep + (8 -V x)\Ilp = €\I/p
h? v,
- -V, = 0
2m dz? T
dQ\Ilp omV'z
72 + 2 v, = 0
Let o = 2—’2}1 leading to
A\
W;) +a’z¥, =0
Now let z = —ax
d*,
FE 2V, (18.29)

Again, this is the Airy equation with accompanying Airy functions. The
general solution is a linear combination of the form

U, = ad;(z) + bB;(z) (18.30)
where a and b are constants.
In region 2
2m(V —¢)
b = \/ 12
where V =¢ - V'z
omV’
= h2 A/ —XT
= a3~z (18.31)
In region 3
2 _
E o= m(; i V)
omvV’
= = NZ3

— a3z (18.32)
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Now with § and k£ go back and make more explicit our wavefunctions in
regions 2 and 3.

Region 2

Uy = Eefjfﬁdz

_ _ D . e—agjf(—x)%d:c
ai(—x)1

solve the integral by letting y=-x, integrating and then renaming y=x

D 3
= = o) (18.33)
Va(—az)i
Region 3
Uy = _ez.fo kdx+_e—zjo kdx
vk vk
F *oSatd G *oSzld
_ 7;6‘-’.()& x w_}_ile—_ﬂ)a x2dx
Ja(an)} Va(an)}
D T Y- ST S

W=

Val(az) Val(az)i

Now compare these explicit wavefunctions to the patching wavefunctions in
regions 2 and 3

Region 2 (x < 0) (z > 0) since (z = —ax)

\pr = aAl(Z)-FbBZ(Z)

3 3
= - : e37% 4 b : e5??
2\/mz4 NZTx
versus
Uy, = b 1€_§(_az)?
Va(—ar)1
By insepction
b = 0 (18.35)

S|
Il
DO
>
o1

(18.36)
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Region 1 (x > 0) (z < 0) since (2 = —ax)

U, = adi(z)
T
= 2D,/ —A;
\/a (2)
a 2 3 0T
= — sin(5(—2)? + =
it D)
- T i 2 1 3
a e TeF (722 L omifemF(2)2

versus

()} | G ~2(ow)

s = (az) (%e Va*

By inspection

oo
N—

F = —iDé's (18.37)
G = iDe i (18.38)

Now put everything together for the WKB wavefunctions we saw at the
beginning of the section

\112 = E_e_urzo ﬁd(E
VB
Uy = %eijg kdr | Eefijo" kdx
where now F = —iDe'T and G = iDe *1 leading to
D 0
Uy = ——efobde (18.39)
VB
2D T z
Uy = ——=sin —+/ kdx 18.40
s = Tpsin(p+ | kan (18.40)

Arbitrary potential barrier

This next section basically puts together all the work we did in the previ-
ous two sections for the arbitrary potential step and potential drop. The
combination of both is the potential barrier.
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N

/M%zémju /Pj rons

Figure 18.3: Cartoon of the arbitrary potential barrier

The solution for the transmission coefficient will lead to the general form
of the tunneling probability that is ubiquitous in textbooks, in the literature
and in experiments like scanning tunneling microscopy. The derivation in-
volves a lot of tortuous math but follows the same train of thought as used
in the earlier two sections.

Picture an arbitrary barrier of the form shown below. Now the general
form of the WKB wavefunctions as derived earlier is

A e B .y

U, = et kde + — e T e (z < 1) (18.41)
Vk vk
(O D _p»

Uy, = —e'rml Bz + —e 'rzl Pz where (21 < z < x2) (18.42)

VB VB

F oy
—' £, hda where (z > x2) (18.43)

Vk

Since there are no sources of particles on the right everything moves in a
left to right direction and hence W3 has only one component above.
Remember in what follows that ultimately what we want to solve for is

U3 =

o wlFP MR [P
T ulAP T HAP T AP

You will find that our strategy is to express A in terms of F'.
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First we determine the patching wavefunction in the boundary region
between 1 and 2. Starting with the Schrodinger equation

K2 A2
T om dz? +V\I/p = %
hZ d20 ,
_% d.%'2p + (5 +V $)\I/p = €\I’p
K2 20 ,
—% d$2p+vqup = 0
2o, 2mV'e
dz?2 B2 Yy =0

Let o3 = 2—”;21 resulting in

d*v
dep = agm\I/p
Now let z = ax
>
dz2p =2

As before, this is the Airy equation whose general solution is a linear com-
bination of Airy functions

U, = ad;i(z) + bB;(z)

Now in the left part of region 2 (bordering region 1)

2m(V —¢)
p o= 5z
2mV’
_ ¢ '
= acyz (18.44)

12
= a2~z (18.45)
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Now go back to the wavefunctions in regions 1 and 2 and make them
more explicit using the above. Starting with

A - [T1 B - FT1
U, = _ezlfz kdw+__e—sz kdz
' NG vk
v, = L gpa D~ s

VB Vi

temporarily shift the origin to z; (i.e. 1 = 0). Then this basically becomes
the same problem that we solved earlier. After we are done we can shift
back the origin to where it used to be. First wavefunction
U, = . A leijfa%\/—_xdz_'_ . B le—il[;a%\/—_xdx
o () ot ()
solve integral by letting y=-x, integrate then rename y=x

A . 3 B i E
— —162’7(_0“)2 + _—16_%(_(”)? (18'46)
Va(—azx)i Va(—az)s
Second wavefunction
Py = —_C T elo o? yida + Lle_ﬁ”a%ﬁda:
\/a(a;p)Z \/E(OZSL')Z
_ _C gewt, D i (18.47)

Val(oz)1 Val(oz)1
Now compare these explicit wavefunctions with the patching wavefunction.
Left part of region 2 (bordering region 1) (z > 0) (z > 0)

\I/p = CLAZ(Z) + bBZ(Z)
a _2,% b
= e 377 + 1
2\/mz1 NZZE:

versus

v, = — ¢ e, D ian?

b = C\/g (18.48)

a = 2D,/% (18.49)
(6%

By inspection
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Right part of region 1 (bordering region 2) (z < 0) (2 < 0)

v, = z) +bB;(z)
= 2D Z 2)+C\| = Bi(z
T 2 s T T 1 2 3
= ——sin(z(—2)2 +—)+C _cos(=(—2)2 +
\/;\/7_7(—2) (3( S 4) \/Oé\/ﬂ—z)z (3( )
= Llsm(g(—z)ng%)Jr ¢ 1cos(g(—z)%Jrg)

Va(-2)i 3

skipping some steps

i
- (i)
- x/a(l_z)i <ef (22 C)>£(_Z)Q

v <2 7 +C>> e

compared to

v, = A Fewt, Bzl

- Ja(—ax)i Va(—az)i

By inspection

4 = 2 <£+C> (18.50)
2 1
B = 624 (——+C> (18.51)

Now consider the interface between regions 2 and 3. The potential here
can be modeled in a linear fashion

V=_(-Va) (18.52)

First determine the patching wavefunction in the boundary region. Start
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with Schrodinger’s equation again

—%d;;p +VV, = v,
—%d;j;p + (e — V/xllfp) = eV,
_%d;;p — Vv, = 0
Let o = QT;LLZV : giving
d;j;p + oz3:c\pr =0
Now let z = —aux resulting in

This is the Airy equation again with the general solution being a combination
of Airy functions.

U, = ad;i(z)+ bB;(z)

Now in the right part of region 2 (bordering region 3)

2m(V —¢)

feN T
2mV’

_ ”;2 v—z

= azv—z (18.53)

were recall V =e — V'z
Now in the left part of region 3 (bordering region 2)

2m(e = V)
h?

2 o
_ mV\/x

3

= azyx (18.54)

k =
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Now go back to the wavefunctions in regions 2 and 3 and make them
explicit.
C y D _j=
Uy = —_e‘rxl Pz + —=e 71 Pz
VB VB
A g kdx
VEk

rearrange wavefunctions to get

U3 =

v, = G Ltk s
VB
ik ke

vk

267 _Fff ,Bd:pf_F;Q Bdx

g

_l’_

Uy =

now let v = f;f Bdx

C T x
\112 — __efyeuer pdzx + _6*76.&2

D
(18.55)
VB VB
F i
Uy = ke (18.56)
vk
Now temporarily translate the origin to z3 (i.e. 2 = 0). This leads to
\112 = ie“/e.roz BdiE —'— 26_’76..’.(;: ﬁd(E
VB
\113 — iei JOZ kdw

Vk
Now we use the derived explicit forms for G and k to get explicit forms for
the wavefunctions. First wavefunction
Uy = c - evegag\/qu + D . e Ve~ Joza%\/—a:d:c

Va(—ax)t Va(—ax)t

solve the integral by letting y=-x, integrating, then rename y=x

Va(—aa) Va(—aa)i
Second wavefunction
Uy = F e 1S a%\/id:c
\/a(aac)zll
3
- F )} (18.58)
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Now compare these explicit wavefunctions to the patching wavefunction
Right side of region 2 (bordering region 3) (z < 0) (z > 0)

U, = adi(z)+bB;(2)

compared to

v, = 97 ety 3-ant
Va(—az)s Va(—az)s
By inspection
T
a = 2C/—€" (18.59)
a

b = D\/Ee7 (18.60)
[0

Left side of region 3 (bordering region 2) (x > 0) (z < 0)

\I/p = aAi(Z)-l-bBi(Z)

(0]
2Ce” De™7
R e R N SR TS
B 2Ce7 eige%(_z)% — e i 5 2}
Va2t 2i
+ De™7 eife%(_z)%—i-e_ue ¥(-2)?
Va(—z) 2
_ L (12 b i) B0
Va(=2)i \2\
+ # 1 —2Ce —|—D€_’Y €_Z4 e—%(—z)f
Va(=2)1 \2\ i

compare this to
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By inspection

T (2Ce
F = e; < ‘4 De—7> (18.61)
or more importantly
1 /—-2Ce" o
—< 'e +De_7> e 't =0
2 1
yielding

C= %Fe_’% e 7

(18.62)
D= Fe 'i¢Y

(18.63)
Finally these expression can be inserted into our expression for A derived
earlier.

4= < <£+C>
2 7

e

Now the transmission coefficient is
T vs|FI?  k|F|? |F|*> F*F
N v1|Al? N k|A|? N | A2 A*A
F? 1
= ~ 2= 2
P o) (F-0)
1 e~
@ (1) (o)
e~y

2
—2v
(1)
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So after all this effort, the transmission coefficient has the form

e~
T=—"7—7-— (18.65)

2
—2v
(1-=7)
which in the case of large v reduces to the ubiquitous textbook and literature
expression

T~ e (18.66)
_ (2 _ 2m(V —e¢)
where v = fm Bdx and B = |/ Z5—. No mas!

Example: Field emission

Also known as Fowler Nordheim tunneling. Assume a triangular form of the
barrier where

(18.67)

Figure 18.4: Sketch of the triangular barrier considered in field emission or
Fowler Nordheim tunneling.

From the WKB approximation derived above

T ~ e 27
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where v = [ \/Wdﬂj. This leads to

T — 6—%\/2mJO“\/V—a dx
VI e D)
6_% 2mJ0a|||¢_%dx

Integrate the exponent to get

B[ - p()-3)

R (18.68)

You can see that the tunneling probability depends to the 3/2 power of the
barrier height. This is the underlying relation behind the Fowler Nordheim
tunneling model.

Example: Schottky barrier

This problem arises when one has a metal-semiconductor junction. Here

(V-e)=o¢ (1 - (§)2> (18.69)

a
From the WKB approximation

T=e2

where v = foa \/%d:& This leads to
K ymo{1-(2) Y

R N RV

T
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, >
A

z
(v—-¢) = ;Z’/e[/w /:K_) 7
CAR S
Figure 18.5: Sketch of the Shottky barrier

Let y = Z where also dz = ady. Don’t forget the limits of integration change
as well.

T = e #V2mefy V1-ylady
o~ ZavImd J /Ty dy

To integrate, make another change of variables. Let y = sin(0); dy =
cos(0)do

T = e~ ravImefy? cos?(0)df
where cos?(0) = (1 + cos(20))
T o 2avImah fF (1-+c0s(20))d0

giving our final expression

T=e¢ "2¥ 7 (18.70)

Here one notices tha‘g the tunneling probability varies as the square root of
the barrier height, ¢2.
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Example: Symmetric parabolic barrier

Here
(18.71)
where C is a constant with appropriate units.
. ——>
—4 0 g - X
> 2

(ves) = /e )
4 ’ /

Figure 18.6: Sketch of an arbitrary symmetric parabolic barrier

From the WKB approximation, the tunneling probability through this
barrier is

T =e¢ 2

where v = foa \/Mﬁd:& This leads to

T e—%]; 1||2m0{§—m2}dm

Evaluate the exponent

20/2mC [2 [a2
— T x2dx
-
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Let x = gsinfl, dr = Gcosfdf. Also change the limits. The expoenent
becomes
2V 2m a?

Z - Zsm29 (20050> de

2
_ 2 ch _5 (g)Q V1 — sin26(cost)db

_ 2\/2mCa 0329d9

2mC’a / cos0do

where cos?0 = 1(1 + cos20)

V2mCa?
= T /T 1 + COSQGdQ
B V2mCa?n

4h
v,

h/C

where ¢ the barrier height is ¢ = C (“Tf) This leads to our final expression

_ Qﬂld)
T=e¢¥Chn (18.72)

where the tunneling probability depends upon ¢ alone rather than to some
power of it.

Exercises

1. Derive the transmission probability of a particle through a rectangular
barrier of height V, and width (.

2. Assume a rectangular barrier of height 4 eV and width 2 nm. For
a free electron what is the tunneling probability through this barrier
using a WKB formalism.

3. For the same 4 eV barrier and electron mass, what is the tunneling
probability when the barrier width is increased by 50%. What is the
probablity when the barrier width is decreased by 50%.
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. For the same 2 nm wide barrier and electron mass, what is the tun-
neling probability when the barrier height is increased by 50%. What
is the probability when the barrier height is decreased by 50%.

. Use the WKB approximation to find the transimssion coefficient for
the potential V() =0if z < 0 and V(z) = V, — kx when z > 0. Here
V, and k are constants. Refer to figure 18.7. Hint: Find the turning
points of the system where V(x) = € to find the limits of integration.

. Calculate the transmission coefficient of the following potential barrier
using the WKB approximation. The potential is: V(z) =V, (1 — Z—;)

when —a <=z <= a. Also V(z) = 0 elsewhere. See figure 18.8. Use
the same hint about the turning points and the integration limits as
described in the previous problem.

. Consider the classic alpha decay problem usz)ing the just derived WKB

approximation. The potential is V (r) = 427i < for r > ry where ry is the

radius of the nuclei. Carry the WKB integral (Equation 12.66) from
27¢?

r1 to ro where ro = e E and determine the tunneling probability.

Make suitable approximations to simplify things as much as possible.

E -_’__,.'-——.d--— - - --,"v—~>
g

- , \

Figure 18.7: Sketch of a linearly decaying barrier
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A

amsm———

Vo

E - oo o-"'"'L-'-'- -'.>
» o

Figure 18.8: Sketch of a symmetric parabolic barrier

Relevant literature

These references are listed in no particular order

“A carbon nanotube field-emission electron source”
W. A deHeer, A. Chatelain, D. Ugarte
Science, 270, 1179 (1995).

“Field emission from carbon nanotubes: the first five years”
J-M Bonard, H. Kind, T. Stockli, L-O Nilsson
Solid-State Electronics, 45, 893 (2001).

“Stripping voltammetry of Cu overlayers deposited on self-assembled
monolayers: field emission of electrons through a phenylene ethylene
oligomer”

M. S. Doescher, J. M. Tour, A. M. Rawlett, M. L. Myrick

J. Phys. Chem. B, 105, 105 (2001).

“Time resolved photoelectrochemistry with size-quantized PbS ad-
sorbed on gold”
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E.P.A.M. Bakkers, J.J. Kelly, D. Vanmackelbergh
Journal of Electronanalytical Chemistry, 482, 48 (2000).

“Fluorescence intermittency in single InP quantum dots”

M. Kuno, D. P. Fromm, A. Gallagher, D. J. Nesbitt, O. I. Micic, A.
J. Nozik

Nano Lett. 1, 557 (2001).

“On/off fluorescence intermittency of single semiconductor quantum
dots”

M. Kuno, D. P. Fromm, H. F. Hamann, A. Gallagher, D. J. Nesbitt
J. Chem. Phys. 115, 1028 (2001).
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Chapter 19

Synthesis

Molecular Beam Epitaxy (MBE)

The basic idea behind this technique is fairly simple. In practice, however,
its realization is more involved (and more expensive). MBE essentially con-
sists of an ultrahigh vacuum chamber into which a substrate is loaded onto
a heated sample holder. Precursors of desired elements (Ga, As, Al, P, In
etc...) are then loaded into heated crucibles or furnaces (called Knudsen
cells) outfitted with computer controlled shutters on their exits. The pre-
cursors are then heated such that when the shutters are opened one obtains
a beam of atoms directed towards the substrate. Under such low pressures,
the atomic species have very long mean free paths allowing them to reach
the substrate without collisions with other gas phase species in the chamber.
By controlling the temperature as well as the sequence/timing of opening
and closing the shutters one can deposit very uniform films of semiconduc-
tor materials. In this fashion one can obtain precise nanometer lengthscale
quantum well structures.

Under certain conditions where one deposits distinct semiconductor lay-
ers with different lattice constants, its also possible to grow islands of a
semiconductor on top of another effectively allowing the synthesis of semi-
conductor quantum dots. The basic idea is that after a few layers of the
new lattice mismatched semiconductor has been deposited, the strain at the
interface changes the mode of growth from within the plane to out of the
plane. Small islands are therefore formed which are the desired quantum
dots. This technique is refered to as Stranski Krastanow growth.

A crude sketch of a MBE apparatus is shown below.

307
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high vacuum
Chsmber

substrate

shulfer

Figure 19.1: Cartoon of a MBE apparatus

Metal Organic Chemical Vapor Deposition (MOCVD)

MOCVD operates on a similar principle to MBE. However the apparatus
differs greatly. MOCVD is generally conducted using a quartz tube furnace
with a heated substrate. Clearly this is a much less expensive setup. One
doesn’t need turbo pumps, vacuum chambers, load locks, EELS guns and
other MBE accoutrements. Organometallic or metal-organic compounds
such as trimethylaluminum, trimethygallium, trimethylindium as well as
gases such as phosphine or arsine can be introduced into the heated reactor
and allowed to decompose giving the desired elemental species. In the case
of liquid organometallic precursors such as trimethylaluminum (above), the
compound is brought into the gas phase by bubbling a carrier gas such as
helium through the compound and allowing the gas to carry small amounts
of the precursor into the reaction chamber. Like MBE, MOCVD can be
used to grow thin films of materials. This technique has also been used,
more recently, in the synthesis of semiconductor nanowires in the presence
of gold nanoparticle catalysts. One potential disadvantage of the technique
is the uniformity of the resulting films or deposition of materials. This
is because the flow of gasses above the substrate may not be completely
uniform. As a consequence one should consider ways to better control the
flow and subsequent distribution of precursors over the substrate.
A sketch of the apparatus is shown below.
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Figure 19.2: Cartoon of a MOCVD apparatus

Colloidal growth

Description

Colloidal growth is a chemist’s approach to making nanostructures. There
are different variations of this approach so no general description can fit all
techniques. However a few are highlighted here. Some of the original quan-
tum dots were created in supersaturated solutions within a glass matrix.
Basically, molten silicate glasses were doped to the point of supersatura-
tion with metal salts of the desired semiconducting material. The melt is
then rapidly quenched, resulting in a precipitation of the desired semicon-
ducting material into tiny seed nuclei (or alternatively the rapid quench
can be thought of as a discrete temporal nucleation of seed particles). The
glass solution then undergoes a secondary heat treatment with temperatures
ranging from 400 to 1000 degrees Celcius. By varying the temperature and
duration of the secondary heat treatment one can vary the average size of
the nanocrystals.

Alternatively, others have employed inverse micelles as a means of quan-
tum dot or even nanowire synthesis. In this preparation, surfactants such
as bis(2-ethylhexyl)phosphate (also called AOT) are used to create small in-
verse micelles consisting of a hydrophilic interior and a hydrophobic exterior.
Aqueous solutions of metal salts are then introduced into these compart-
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mentalized water pools. Subsequent reactions are conducted in the aqueous
phase (whether it be reduction of the metal precursor using sodium borohy-
dride or reaction with a second chalcogen source such as S, Se or Te) to create
metal or semiconductor nanoparticles. After the reaction, the nanocrystal-
lites are sometimes extracted by adding a surface passivating agent which
drops them out of solution. The recovered powder is then redissolved in a
suitable solvent. To a first approximation, the average size of the nanocrys-

tallies is determined by the initial ratio of water to surfactant, often called
the “W” or “Q0” value.

One of the most successful approaches to the colloidal synthesis of nanocrys-
tal and nanorods involves using coordinating as well as non coordinating
solvents. In this approach organometallic precursors such as dimethylcad-
mium and trioctylphosphine selenide are injected into hot (temperatures on
the order of 300 degrees Celcius) trioctylphosphine oxide. Upon injection,
the precursors decompose to give desired elements of the final semiconduc-
tor. The rapid injection is analogous to the rapid quench in glasses and
results in a discrete temporal nucleation of seed particles. The temperature
of the solution is then slowly raised to allow the controlled growth of particles
in the coordinating (or non-coordinating) solvent. This, again, is analogous
to the secondary heat treatment with glasses with the main difference being
lower overall temperatures (300 degrees versus 400 to 1000 degrees C). The
average size of the nanomaterial is determined by the temperature and the
duration of the heating and can be monitored spectroscopically.

A figure of such an apparatus is shown below.

LaMer and Dinegar growth model

Start with Fick’s first law.

Q(t) = —4mr’D 4 (19.1)

where Q(t) is the “flux” of stuff going to make the particle, D is the diffusion
coefficent and r is a radial length from the center of the growing particle.
We should point out that this “flux” has units of stuff/time as opposed to
the more usual definition of flux. Now with this let’s manipulate the first
expression a little bit to get.
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Figure 19.3: Cartoon of an apparatus commonly used for colloidal synthesis
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Q) _ de
—47r2D  dr
Qt)dr
—4nr2D de

Integrate the last expression

Sl [

to get

Q)
——— + Const = C(r,t
4w Dr + (r,)
This constant is a constant with respect to r. However it could, in general,

depend on time. So more generally we get

Q(t)
47 Dr

Apply boundary conditions now to make more explicit the expression. There
are four to consider.

+ f(t) = C(rt) (19.2)

e When r = a, where a is the radius of the growing particle, C(a,t) = Cs.
C; is the saturation concentration of the stuff being deposited, called
“monomer”.

e C(r,t =0) = Cs5. Here Csq is the supersaturation concentration of
the solution at t = 0.
Q(t

° E‘ _
ot Ir=h = Smh3

e Q(0) = 0 Flux is zero at zero time as expected.

Apply boundary condition 2

C(r,t=0) = Css
cro) = 204 ro)

Since Q(0) = 0 (boundary condition 4)
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Apply boundary condition 3

Start with the original expression

QW |

Clrt) = 225+ (1)
take its time derivative
oC(r.1) 1A 4 _ QW
ot |,._, " 4rrD  dt —h dt %ﬂ'h?’

Or on rearranging

dft) _ Q) 1 do{)
dt — 4xh3  4mwhD dt

Now integrate this to get

t

;1 /f 1
This becomes

ft) =

= [ QWi @ - Qo)
3

where f(0) = Css and Q(0) = 0. The reduces to

10 = ot o [ Q0 - 2,
= Ot s TehD
Since C(r,t) = ﬁgﬂ% + f(t) we can use the above expression for f(¢) to get
_ LM | )
clt) = amD

Q@) (11
= M—D(;_E>+CSS+%/OQ@)CR

Since in general h >> r we get

C(r,t) ~ ff(g (1) Css + T 1h3 /tQ(t)dt
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Now if

d
—Q(t) = drpa® > (19.4)
dt
(a reasonable thought given that the flux in the opposite direction is reflected
by the growth of the particle) one gets after replacing this in the previous

expression, where p is the density of the material being deposited

47 pa 4o drp [t ,da
O(r =a,t) @ ————9% + Oy — / 2 —dt
(r=a?) irDa O s Jo ¢ ar

or

da t
pa 3p da
Clr=a,t)~ — Ddt +Cas = 73 /O aZ—dtdt

Integrate the last integral by parts. Let v = a?, du = 2ada, dv = % and

v =a. We get

da t
a5 3
C’(r:a,t) ~ _p dt + Css — a <a3‘g_/ 2a2da>
0

D B3
_pa (da 30 (s - oo - 28|
D (dt> T s (a (1) = a’(0) — 3a .

Recall that at t = 0, a(0) = 0 Particle has not grown yet. This allows us to
simplify the above expression to

_pa (da 303 — 2 (B30 — 0B
D<dt>+Css 3 (a (t) 3(a (t) — a’(0))
_pa (da _3p (&)

5 () roe i (5

_pa (da _pa’

D<dt>+CSS h3

Leading to our final expression

%

Q

Q

pa (da pad
C(r=a,t)=C 5 (dt> 3 (19.5)
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Apply boundary condition 1

Here apply it to the final expression we just derived above.

Can e, - Pa(da) _pd _
C(T_avt)’“css D <dt> h3 —Os

Rearrange to give

3
pa <@> (Cuam Oy = P

D \ dt h3
or
da D Da?
A A
At this point note that d(;lf) = 2a‘fi—‘t‘ so that aili—‘; = %d(gf). Insert this into
the above expression to get
d(a*) 2D 2Da?
(dt ) _ 7(Css ~C) -y (19.6)

This last last expression gives you the behavior for the size of the particle as
a function of time, which is what we were ultimately after. We can proceed
to solve this equation by either looking this up in a table of integrals, which
is what LaMer and Dinegar ultimately did, or we could solve it numerically.
Another option is to note that in general 7 << 1 so basically the last term
in the expression drops out. We get the approximation

~ 7(085 - Cy) (19.7)

You will notice that the radius of the particle with essentially grow as the
square root of time (a o v/t). Now following Sugimoto we invoke the Gibbs
Thomson equation as follows

20Vim

—_— *
Css = Coo€r*RT
20Vim

CS = COOe aRT
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Here a is the radius of the particle at a given time. r* is the radius of the
particle that would make its ensemble concentration equivalent to the initial
“monomer” concentration (think about this point, its will be important in

a bit). To simplify the notation, let r, = 25m

To

Cys = Coge® (19.8)
Cy=Cxes (19.9)

If the exponent is small (and it doesn’t have to be) then we can do a Taylor
series expansion of the above to get (keeping only 1st 2 terms)

Csszcoo(1+r—:+...)
CS%C’OO(l—F%%-...)

Replace into our main equation to get

d(a?) _ 2D <Cooro (ri _ é)) (19.10)

or alternatively

dt *
da D (7’0) 1
dt p “\a r* a
Let
K — DCOOTO
p
leading to
d K(1 1
=493 (19.11)

Now qualitatively speaking, just look at the sign of the right hand side,

basically determined but the stuff in the parenthesis. You see if a = r* no

growth occurs (% =0). If a < r* then dd—‘; is negative and basically your
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particles dissolve (negative growth). Now if a > r* then Z—? is positive and

your particles grow.

A graph of this equation is shown below. You will see that small particles
have a steeper slope or faster rate of growth. Larger particles have a flatter
slope so they grow slower.

Disselves

<

C’IVOWS

'
{
i
{

Figure 19.4: Sketch of the LaMer growth rate as a function of the critical
radius r*

Now one underlying point of this whole picture is that Cy is constant
(i.e. r* is constant). In reality though, since this is a closed system, the
monomer concentration decreases as it gets consumed. So r* is actually
changing in time. If we think in dynamic terms as ¢ — oo, r* — 0o and one
actually falls at different places on the above curve as a function of time.
Basically your particle size will correspond to a steadily decreasing factor of
r* and you move to the left on the curve. If you have a situation where %
becomes negative then your particles will start to dissolve. The worst case is
that you have sizes that straddle r* at any given time so that some particles
grow, others dissolve and you end up with a very poor size distribution of

your sample.
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Size distribution

This section follows the work of Sugimoto who argued that the size distrib-
ution of the ensemble is proportional to

d (e
size dist oc (@) (19.12)
da
Using the relation derived earlier
da
d (%) _ gL 2 (da
da r*a? = a? da
_ K2 1\ da
a2 \a da
where
da) _ (da (dt
da) \ dt da
Divide both sides by g—é to get
da)d(G) _K (2 1Y (da
dt da  a?\a ¥ dt
(@) _K (2 1)(da
dt a?\a 7r* dt
Let 0 = Cfl—‘lf giving
do K (2 1
== 19.1
dt  a? <a r*)a (19.13)
Alternatively
do — K (r—a) o (19.14)

Now its clear to see that if a > 2r*, (%) is negative valued. The size

distribution of the sample will narrow. This is called the “focusing” regime.
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Figure 19.5: Sketch of both the LaMer growth rate and size distribution as
a function of the critical radius r*

However, if a < 2r* (‘Zl—‘;) is positive valued and the size distribution will
increase. This is called the “defocusing” regime.

Recall our discussion earlier about the dynamic nature of r*. It goes
without saying that in a closed system as time increases r* will also in-
crease. The actual size of the particle will in absolute terms become a
smaller fraction of r* causing you to progressively move left on our diagram.
As you move left the distribution will broaden. To keep the size distribution
or even narrow it you need to fight the depletion or monomers causing r*
to increase. This means as the reaction progresses you add more precursor
to the reaction. The extra addition can be accomplished a number of ways.
Peng for example just adds subsequent injection of precursors into the reac-
tion mixture. Sugimoto and others however build in a resevoir of precursors

that slowly get released to the reaction as time increases.

Reaction controlled growth

The previous discussion has assumed diffusion limited growth. However it’s
possible to have the reaction controlled situation. LaMer, Sugimoto and
others have shown that in this case the relevant growth equation can be
expressed as
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da 1 1
— =K, |——-- 19.1
dt <r* a) (19.15)

where K, is a constant. To see how the size distribution behaves in this
situation repeat the analysis done earlier for the diffusion controlled growth
case.

d
d ()
da
When explicitly evaluated this leads to

size dist o

where recall that

(@)~ (@) (&)

Replace into our expression and divide by (3—2) on both sides. This gives

dad (%) K, (da
dt da — a? \ dt
d(q) _ K (da
dt a? \ dt
Let 0 = 2—‘; giving
do K,

You will notice here that this expression is always positive. In effect it tells
us that there will always be some broadening of the size distribution during
the particle growth.

Exercises

1. Read any of the papers listed below or select a paper from the current
literature and discuss it.
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Relevant reading

1.

2.

3.

“Theory, production and mechanism of formation of monodispersed
hydrosols” V. K. LaMer, R. H. Dinegar J. Am. Chem. Soc. 72, 4847
(1950).

“Preparation of monodispersed colloidal particles” T. Sugimoto Ad-
vances in colloid and interface science, 28, 65 (1987).

“The kinetics of precipitation from supersaturated solid solutions” 1.
M. Lifshitz, V. V. Slyozov J. Phys. Chem. Solids, 19, 35 (1961).

References directly related to LaMer and Sugimoto models

These are some papers from the literature that deal with the LaMer/Dinegar
and Sugimoto models discussed above. The papers are in no particular order.

1.

“Formation of high quality CdS and other II-IV semiconductor nanocrys-
tals in noncoordinating solvents: Tunable reactivity of monomers”

W. W. Yu and X. Peng

Angew. Chem. Int. Ed. 41, 2368 (2002).

“Kinetics of II-VI and ITI-V colloidal semiconductor nanocrystal growth:
Focusing of size distributions”

X. Peng, J. Wickham and A. P. Alivisatos

J. Am. Chem. Soc. 120, 5343 (1998).

“Nearly monodisperse and shap-controlled CdSe nanocrystals via al-
ternative routes: Nucleation and growth”

Z. A. Peng and X. Peng

J. Am. Chem. Soc. 124, 3343 (2002).

“Formation of high quality CdTe, CdSe, and CdS nanocrystals using
CdO as precursor”

Z. A. Peng and X. Peng

J. Am. Chem. Soc. 123, 183 (2001).

“Formation of high quality InP and InAs nanocrystals in a noncoor-
dinating solvent”
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D. Battaglia and X. Peng
Nano Letters, 2, 1027 (2002).

“The kinetics of growth of semiconductor nanocrystals in a hot am-
phiphile matrix”

C. D. Dushkin, S. Saita, Y. Yoshie, Y. Yamaguchi
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A. M. Morales, C. M. Lieber
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Chapter 20

Tools

Electron microscopies

Transmission electron microscopy

In the TEM experiment, a thin or diluted sample is bombarded under high
vacuum with a focused beam of electrons. Electrons that are transmitted
through the material form contrast patterns that reproduce the image of
the sample. This pattern arises from the scattering of electrons off of atoms
coposing the sample. In addition, diffracted electrons give information about
the lattice structure of the material. In the case of nanocrystallites, analysis
of TEM images is partially responsible for the sizing curves of colloidal
quantum dots. The shape of the sample can also be determined from the
image.

Secondary electron microscopy

In the SEM experiment, an electron beam is focused and raster scanned over
the sample. When the incident electrons interact with the sample a number
of effects take place, such as the emission of secondary electrons. These
effects are highly localized to the region directly under the electron beam
and can be used to create an image of the sample. In addition, elemental
analysis through energy dispersive or wavelength dispersive techniques can
be done using other detectors.
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Figure 20.1: Cartoon showing the TEM technique
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Figure 20.2: Cartoon showing the SEM technique

Probe microscopies

Atomic force microscopy

The atomic force experiment works by using a sharp silicon or silicon ni-
tride cantilever. This tip is brought close to the surface of the sample in
question, close enought that atomic forces occur between tip and sample.
These forces can be either repulsive or attractive. In the repulsive mode
or contact/intermittent contact (tapping mode) mode of operation, the tip
position over the surface of the sample is kept constant through a feed-
back mechanism. In the attractive regime or non contact mode, attractive
forces bend the tip bringing it closer to the sample which in turn is de-
tected through a number of means. In any of the modes, the attractive or
repulsive forces plus response of the system to counteract them are used as
a means of generating a topographic image of the sample. The AFM has
been used to move individual nanostructures. It has also been used as a tool
to “scratch” surfaces and make nanoscale patterns. There are other varia-
tions of this probe technique such as magnetic force microscopy (MFM) and
electrostatic force microscopy (EFM).
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Figure 20.3: Cartoon showing the AFM technique. (A) General concept
behind the technique. (B) Force distance curve. Parts of the curve below
zero are in the attractive realm. Parts of the curve above zero are in the
repulsive regime. (C) Contact mode AFM operating with tip very close to
the sample, repulsive regime. (D) Tapping mode AFM. Tip is oscillated with
large peak to peak amplitude resulting in brief forrays into the repulsive
regime. Hence the name intermittent contact mode. Tapping mode is a
Digital Instruments trademarked name. (E) Non-contact mode AFM. The
tip is oscillated with small peak to peak amplitude. Operated exclusively in
the attractive part of the potential.
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Scanning tunneling microscopy

Scanning tunneling microscopy was the original probe microscopy. It was
developed by Gerd Binnig and Heinrich Rohrer at IBM Zurich, ultimately
leading to the Nobel Prize. The principle of operation is the tunneling of
electron from a conductive tip to a conductive substrate or sample through a
barrier. The tunneling current is found to be exponentially dependent upon
the tip to sample separation allowing for very high sensitivity of sample
height. STM has been used to investigate a number of nano related effects
such as the discrete atomic like states of colloidal quantum dots and other
systems. It has also been used to investigate the coulomb blockade and
coulomb staircase phenomena. The STM has also been used to manipulate
individual atoms ad described in recent work on quantum corrals. One
disadvantage of the STM is that it requires conductive samples or relatively
conductive samples on a conductive substrate. To circumvent this limitation,
the AFM was subsequently developed.
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Figure 20.4: Cartoon showing the STM technique

Dip pen nanolithography

Dip-pen nanolithography is a recent atomic force microscopy based tech-
nique developed by Chad Mirkin at Northwestern university. The essential
idea of the technique is to use the AFM tip as a quill pen. Dip or coat it
with a molecular substance. Upon close approach to a substrate the mole-
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cular “ink” rolls off the tip and comes into contact with the substrate. By
scanning the tip one can pattern the substrate with a layer of molecules. Ad-
vantages of dip-pen over other patterning techniques is that it potentially
has a very high resolution limited only by the AFM tip radius of curvature.
The main disadvantage of the process is that it is serial in nature and hence
patterning large areas may prove time consuming. A cartoon describing the
technique is shown below.

conh Jever

qlz sclsorbed
w i";‘.l/ wolecules /
vx‘«w —‘—'—> ,,.,t':;:
w LAV
F;n - ‘:‘1,
I Z
Imm—————— 4
substrate

dcposnf’cd wolecules

Figure 20.5: Cartoon showing the dip pen technique

Microcontact printing

Microcontact printing is a stamping technique developed by George White-
sides at Harvard University. The basis of the technique is to use a precur-
sor of a polymer called polydimethylsiloxane (PDMS) which can be poured
over a master pattern. This master pattern is created through standard
photolithography and basically consists of raised features or islands in the
desired pattern. The precursor can then be converted to PDMS and hard-
ened to make a negative image of the original master. Then the PDMS
“stamp” can be inked with molecular compounds and applied to a surface
such as a thin film of gold. The molecular ink, thiols for example, are left
behind on the substrate and reproduce the original master. The idea is
much the same as with dip pen nanolithography, however, the microcon-
tact printing is a serial process whereas dip-pen is a serial technique and is
much slower. One of the disadvantages of microcontact printing, however,
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is that it lacks the resolution of dip-pen which is ultimately limited only
by the tip radius of curvature 1-10 nm. However, recent reports show that

microcontact printing can be pushed to a resolution around 50 nm
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Figure 20.6: Cartoon showing the microcontact printing technique and gen-

eral sequence of steps.

Exercises
1. Read any of the papers listed below or select a paper from the current

literature and discuss it.
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Relevant literature
The following papers are in no particular order

e “Directed assembly of one-dimensional nanostructures into functional
networks”
Y. Huang, X. Duan, Q. Wei, C. M. Lieber
Science, 291, 630 (2001).

e “Submicrometer patterning of charge in thin-film electrets”
H. O. Jacobs, G. M. Whitesides
Science, 291, 1763 (2001).

e “Patterning self assembled monolayers: applications in materials sci-
ence”
A. Kumar, H. A. Biebuyck, G. M. Whitesides
Langmuir, 10, 1498 (1994).

e “Generation of 30-50 nm structures using easily fabricated, composite
PDMS masks”
T. W. Odom, V. R. Thalladi, J. C. Love, G. M. Whitesides
J. Am. Chem. Soc. 124, 12112 (2002).

¢ “Moving beyond moleucles: patterning solid-state features via dip-pen
nanolithography with sol-based inks”
M. Su, X. Liu, S-Y Li, V. P. Dravid, C. A. Mirkin
J. Am. Chem. Soc. 124, 1560 (2002).

e “Direct patterning of modified oligonucleotides on metals and insula-
tors by dip-pen nanolithography”
L. M. Demers, D. S. Ginger, S-J. Park, Z. Li, S-W. Chung, C. A.
Mirkin
Science, 296, 1836 (2002).

e “The art of building small”

G. M. Whitesides, C. J. Love
Scientific American 285, 38 (2001).



Chapter 21

Applications

As described in the introduction, nanostructures, whether it be quantum
dots, wires or wells, have interesting size dependent optical and electrical
properties. The study of these intrinsic properties is the realm of nanoscience.
However, at the end of the day, we expect that some of this acquired knowl-
edge (funded largely through our tax dollars) will be put to good use for
developing next generation consumer products. So how exactly are today’s
nanotechnologists trying to harness the potential of nano?

Since there are almost too many applications of nano to catalog here,
this section is not meant to be comprehensive. However, we briefly touch
upon some applications of quantum wells, quantum wires and quantum dots
that are seen in the current literature.

Nanowires

We begin with a short discussion about applications of nanowires. Devices
using these low dimensional materials have not been made to any great ex-
tent. This is because the historical development of nanostructures seems
to have skipped nanowires, moving from wells to dots first. More recently,
though, researchers have learned how to make asymetric nanowires using
a number of approaches including vapor-liquid-solid (VLS) and solution-
liquid-solid (SLS) growth. The move to applications has occured quickly
with the key selling point being that, in addition to exhibiting quantum
confinement effects, nanowires are at the same time (as their name implies)
wires. This means that making electrical connections to the outside world
and assembling actual devices may be a lot easier than with other nanos-
tructures such as quantum dots.
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Crossed nanowire junctions have been made, using p-type and n-type
wires. These junctions, in turn, serve as diodes in one case, memory ele-
ments in another and even electroluminescent devices. A schematic of such
a nanowire device is provided below. Ultimately, though, the trick is to
learn how to assemble such nanowires into useful structures in a convenient
and reproducible fashion.

Figure 21.1: Cartoon of a crossed nanowire junction that has been used for
proof of principle applications such as memory storage and electrolumines-
cence.

Nanowires have also been used as sensors by monitoring changes in the
conductance experienced when different compounds or gases are adsorbed
to the wire’s surface. In this respect, nanowires may one day be packaged as
efficient sensors for minute amounts of toxic gases, chemical weapons, and
explosives.

Quantum dots

In the realm of colloidal quantum dots the following applications have been
proposed:

e Quantum dots for biological labeling
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Quantum dots as lasing elements

Quantum dots as sensitizers in photovoltaic applications

Quantum dots for active layers in light emitting diodes

Quantum dots as memory elements; single electron transistors

Brief descriptions of each application and reasons why quantum dots have
distinct advantages over conventional solutions are presented below.

Medicine; Biological labeling

Conventional biological labeling is currently carried out using organic fluo-
rescent molecules or in some cases radioactive sources. In the case of organic
fluorophores such as tetramethylrhodamine (TMR), these molecules are co-
valently attached to a biological specimen of interest through specific linking
chemistry. Organic fluorophores exhibit several disadvantages. Namely, or-
ganic dyes suffer from an effect called photobleaching where after exposure
to incident light for a modest amount of time, they undergo some sort of
photochemistry which ultimately renders them non-fluorescent. Basically
the dyes “fade”. This makes labeling and tracking experiments difficult be-
cause of the finite observation window one has before the fluorescent signal
dissapears. As a general rule of thumb, organic dyes will absorb and/or
emit approximately 10° photons before photobleaching. In addition, or-
ganic dyes typically have fairly discrete absorption spectra. So from dye to
dye their absorption wavelength or energy will change dramatically. This
makes multicolor experiments difficult because exciting each dye requires
a different excitation color. Proper filtering of the desired emission signal
becomes increasingly difficult in this evironment of multiple excitation fre-
quencies. Finally, achieving different colors for these multicolor experiments
may mean synthesizing different compounds, which, in itself, can be fairly
involved.

Quantum dots, especially CdSe have narrow emission spectra (~ 30 nm
FWHM). Furthermore, because of quantum confinement effects, different
sized dots emit different colors (one material, many discrete colors). This
eliminates the need for synthesizing many different organic fluorphores. As
one progresses to higher energies in the dot absorption spectra, there are
increasingly larger numbers of excited states present. This is analogous
to solutions of the particle in a 3D box with progressively larger quantum
numbers, n. So all dots whether they be “small” or “large” will absorb
excitation wavelengths in the “blue”. This makes multicolor experiments
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Figure 21.3: Comparison of a quantum dot to organic dye photobleaching
rate.

easier since it eliminates the need for multiple excitation wavelengths. One
laser, say the 488 nm line from an argon ion, can be used to excite all dots,
giving emission anywhere in the visible. Filtering the 488 nm line is also
much simpler than trying to simultaneously filter the 473 nm, 488 nm, 514
nm, 532 nm, and 543 nm lines of several lasers (argon ion lines plus YAG
doubled line plus green HeNe line). Finally, semiconductor quantum dots are
inorganic compounds. As such they are somewhat more robust that organic
dyes when it comes to photobleaching. Dots have been seen to absorb and
emit over 10% photons before experiencing irreversible photobleaching (two
orders of magnitude more photons). Therefore, dots are much more resistant
to fading. The accompanying figure is a depiction of this.

Ok, so what’s the catch? Well, the surface chemistry of quantum dots is
still in its infancy. There is still much that needs to be understood before we
can begin to do specific chemistry, attaching dots to specific sites on proteins
or cells or other biological specimens. This is an area where organic dyes still
prevail. Furthermore, semiconductor quantum dots, although nanometer
sized, may also be a little too big for some labeling experiments. There
might be certain membranes or cellular regions that a dot cannot penetrate
because of natural size restrictions (another area where organic dyes are
better). Finally, labeling proteins or other specimens with relatively large
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Figure 21.4: Comparison of quantum dot absorption/emission spectra to
organic dye absorption emission spectra in light of multicolor labeling ex-
periments.
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quantum dots may also perturb the system in unintended ways. So for
example if one is trying to watch protein folding in real time one needs
to ask whether the dots attached to the protein are actually affecting the
folding and unfolding pathways. Consider the size of a typical protein and
the size of a typical quantum dot.

Lasing

Lasers are important devices used in everything from tomorrow’s national
missile defense system (Reagan Star Wars Version 2.0), the data reading
element in your DVD or CD player, the red bar code scanner at the su-
permarket to an excitation source in the laboratory. Conventional lasing
sources are based on gases, semiconductors and even organic dyes. With
the general movement towards solid state lasers, semiconductors have re-
ceived a lot of interest for diode laser applications. Further interest was
generated with the realization of semiconductor nanostructures (also called
low dimensional materials) since it was realized that these systems could po-
tentially make even more efficient lasers than their bulk counterparts. This
has to do with the density of states argument that we discussed in previous
chapters. The density of states argument won’t be repeated here but rather
is briefly summarized in the accompanying figure. In this area, quantum
well lasers have led the technology, producing some of the most efficient and
tunable lasing systems to date. Nanowires have recently been made to lase
but the technology in its infancy as with lasing in quantum dots. However,
one can envision that the size dependent emission spectra of quantum dots,
wires or wells make them attractive lasing elements. In the specific case of
colloidal quantum dots, the emission from CdSe is shown to span the entire
visible part of the spectrum. So, in principle, a single device could carry a
CdSe blue laser, a CdSe green laser and a CdSe red laser. One potential
drawback with this system though is a phenomenon called Auger ionization,
which might ultimately limit the applicability of this material. However, we
leave it to the reader to do some outside reading if they are interested in
this subject.

Energy; Photovoltaics

Renewable energy has been an area of great interest since the 1973 OPEC oil
embargo, in retaliation for our support of Israel in the 1973 Yom Kippur War
The idea for alternative sources of energy is to eventually move away from
coal or petroleum based sources of energy. Motivating this are economic,
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political and environmental reasons. Solar energy is one facet of renewable
energy with wind, methanol, and hydrogen being others. The idea here is
to take advantage of the sun’s abundant energy and convert it to usable
energy much like how Nature has come up with photosynthesis in plants.
What’s needed, however, is an active material like chlorophyl that can absorb
solar radiation and provide efficient charge separation to prevent radiative
or nonradiative recombination in the material.

Commercial solar cells are currently made of silicon. Unfortunately, the
efficiencies of these devices is typically on the order of 15%. So most of
the solar energy collected by these devices is wasted. To make up for all
of these losses, large tracts of land must be used for vast sprawling fields
of solar cells (solar farms). Improved devices made of single crystal silicon
have been shown to achieve conversion efficiencies of 30% but at the cost of
being very expensive and impractical for commercial use. As a consequence
solar energy has not broken through into mainstream use.

Quantum dots come into play for several reasons. They have tunable,
size dependent, absorption and emission spectra. Different quantum dots
can be made to absorb anywhere from the UV into the infrared. This
tremendous dynamic range cannot be matched by organic dyes. Further-
more, there are few organic dyes that are efficient in the infrared. As a
side note, one can imagine a quantum dot based solar cell that operates
under cloudy conditions and rainy days where the overcast sky will block
much of the visible yet still transmits most (if not all) of the infrared. In
addition, the absorption cross section or exctinction coefficient of quantum
dots is generally an order of magnitude greater than conventional organic
dyes. This means it take fewer dots to absorb the same amount of light.
Dots are also more photostable, meaning that they are more likely to reach
the 10,000 hour threshold needed for practical commercial devices. Further-
more, nanoparticles when used as substrates or electrodes in dye based solar
cells have much larger surface areas than conventional bulk substrates. As a
consequence, one can adsorb a greater number of dye molecule per unit area
in these hybrid devices than in conventional cells. The efficiencies of these
hybrid devices is consequently higher, reaching that of conventional silicon
cells. One of the first of such devices is referred to as the Gratzel cell after
its inventor.

Lighting; Light emitting diodes

Lighting hasn’t changed all that much since the light bulb was invented by
Edison and others close to a hundred years ago. More efficient fluorescent



342 CHAPTER 21. APPLICATIONS

I A
Solar spec'hfum
—
A(nm)
ZnS/Znfe QDs
QWJ
Cdse QDS
TnpP/InAs &Ds
PbSe QPs
CdSe
TnhAs
Pbse
} } t
Sov 1600 2000 Alnm

Figure 21.6: Comparison of the solar spectrum and representative quantum

dot absorption spectra as well as achievable wavelength ranges.



343

lighting has since been developed but suffers from flicker and color purity
issues. Recently solid state light emitting diodes (LED) have come on the
market and are poised to revolutionalize the lighting industry. LED devices
that exhibit tremendous brightness (look at some of the new red and green
traffic lights), consume little power, come in different colors, and emit little
or no heat (museum quality lighting for paintings) are now commercially
available. In this regard, a major goal of the LED industry is to eventually
achieve affordable white light by mixing red, green and blue LEDs. The idea
is to one day replace all incandescent and fluorescent light bulbs in homes
and offices. Furthermore, along these lines, brighter, more efficient, flat
panel displays using this technology, rather than inefficient backlit liquid
crystal displays, may come out of these developments. Along the same
lines, cheaper high definition digital televisions may also emerge from this
technology.

A current problem with LEDs, however, is that different active semicon-
ductor elements must be manufactured via potentially expensive processes
such as MOCVD to achieve multiple colors. For example, GaN is used for
blue light, indium doped GaN can be used to get green and so forth. One way
to circumvent this problem is to take advantage of quantum confinement as
in the case of quantum dots. Different sized quantum dots will emit different
colors so, in principle, one material can cover the entire visible spectrum.
They can also be manufactured using the same process potentially lowering
overall manufacturing costs. One disadvantage with current colloidal quan-
tum dots is that the heterojunction between the dot and the outside world
is imperfect. There are organic ligands present as well as many quantum dot
surface defects that open up undesired states and recombination pathways
in addition to creating large resistances to carrier transport.

Memory; the Coulomb staircase

What would a chapter on devices and applications be if we didn’t touch on
computers. Back in 1965, Gordon Moore, one of the founders of Intel made
an empirical observation that has since become known as “Moore’s law” (or
sometimes referred to as Moore’s first law). The number of transistors per
unit area on an integrated circuit doubles each year. Since then, Moore’s law
has generally held with some minor modifications. It now doubles every 18
months. However, as you might suspect, this wild growth cannot continue
forever and it was realized that with current photolithographic techniques
that we would be in trouble by 2010. To consistently get more transistors
per unit area means that their size decreases yearly. Currently the features
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Figure 21.7: (A) Cartoon of a generic quantum dot light emitting diode.
HTL (hole transport layer); ETL (electron transport layer); OTL (optically
transparent electrode) (B) Ideal energy level diagram for injection of elec-
trons and holes into a quantum dot device.
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on a Pentium IV chip have spacings on the order of 0.11 microns (110 nm).
Next generation chips will have features spaced by 0.09 microns (90 nm).
How much lower can we go? Well, because of the diffaction limit we cannot
continue to use existing techniques but are forced to invest in deep UV
photolithography or x-ray lithography or even e-beam lithography if we are
to get smaller transistors and stay on track with Moore’s law. Such new
technologies are very expensive and potentially too costly to scale up to the
fab level (Moore’s second law of costs). Because of this, researchers have
looked to nano for a solution. Among the ideas people have come up with
are what are refered to as single electron transistors.

Early on, researchers realized that if one has a very small metal nanopar-
ticle, its capacitance might be large enough to store discrete charges. Low-
ering the temperature also helps. Both work because either raising the
capacitance or lowering the temperature decreases the value of the thermal
energy relative to the Coulomb energy between discrete charges. In turn,
this allows one to store charges on the metal nanoparticle without having
it thermally expelled. Alternatively, with semiconductor quantum dots, the
discrete particle in a box-like energy levels with spacings large compared to
kT also means discrete steps in the conductance of electrons through the
dot and the additional possibility of storing charges just as with the metal
nanoparticles. These effects could then form the basis of single electron elec-
tronics of which the single electron transistor is a member. We review the
principles of what is knows as the Coulomb blockade and Coulomb staircase
model below because of its potential importance.

In the orthodox model for single electron tunneling, a simple circuit
model is considered as shown in the accompanying figure. Basically the
circuit consists of a perfect voltage source and two capacitors that may or
may not have equivalent capacitances. In the orthodox model, one of the
two capacitors is generally considered to have a much higher capacitance
than the other. The region in between the capacitors is the “island” where
electrons can be stored. This region represents a quantum dot or metal
nanoparticle in real life.

The total electrostatic energy of the system is

2

Bo= A + 4 (21.1)
S 2C1 2Cy :

where C] is the gate capacitance. At the same time the potential drops
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blockade/Coulomb staircase

across junctions 1 and 2 are

Cy ne
Vi= |[——|V+——"——
! <C1+Cz> +C’1+Cz
CoV + ne
= — 21.2
C1+Cy ( )
C1 ne
Ve = [ Yy _"C
2 (01 + CQ) C1+Cs
_ GiV—ne (21.3)

C1+ Cy
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Therefore the total electrostatic energy of the system is

2 2

qi q5

E, = —+ ==

s 2C4 + 2CY
CivP | C3Vy
2C4 2Cy

CiV2  CuV

(CLVE + CoV5)
1 c oV + ne 2+C’ ChV —ne 2
~ 2\ o+ o 2\ e+ 0y

1 1)’
= 3 <m> (C1(CoV + ne)? + Co(C1V — ne)?)

DN =

The term in the last parenthesis can be expanded and reduced to give

1 12
E, = 5(@) (CL102V2(C1+ ) + (ne)*(Cr + C2))

1
ZQQJQ@W+MJ) (21.4)

where Cypt = C1 + Cs.

Now the net energy of the system, (or free energy) is the difference in
energy between the total electrostatic energy stored and the work needed to
shove an electron onto the island.

Eip = Eq— W (21.5)

where W = Cégtv is the work done by the system to load the island. This
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results in

_ 1 2 2y _
Eor = 2Ctot(0102v + (ne)®)

ciQvV
Ctot

(ne)*  2C:QV  C1Cy V2
2075075 2Ctot 2Ctot

(ne)2 —2C:QV  (C1V)2 (C1V)?  C1CyV?2

ZCtot ZCtot 2C’tot 2C'tot

Notice the trick consisting of adding and subtracting the middle terms

(ne)? —2C1QV + (C1V)2 (C1V)?  C1C, V2

2C tot 2 Otot ZCtOt

B 2C0t 2Chot (V7 -GV

where Cy = Cyor — C1

ne — C1V)2 1
_ 2Ct1t ) —2CH(C%V2—01(C,:O,:—01)V2)

ne — C1V)? 1
_ o ) _ 2 t(chQ — C1C1t V4 C?V?)

-GV 1
_ (e-GV) (2C3V? — C1Ci V)

2C'tot a ZCtot
(ne —C1V)2  C1V?
= 5C, T (2C1 — Ciot)
_ 2 2
_ (ne—CiV)? GV (Coor)
2C0t 2Ch0t

(ne — 01V)2 o 01V2
2C01 2

This gives the total free energy of the system

—C1V)? 2
Etot = (nEQCt;V) - C]QV (216)




Island occupation number
The average number of electrons on the island is given by

—F.
> ne
<n>=

Ziooo e =

where from before

g, retQ? @

Therefore
_(net@? | Q2
ZOO ne  2CtotkT ' 2C kT
<n> = —=
_(net@?2 Q2
200 e 2CtotkT +2C11kT
—o

Q2 _ (—ne+Q)?
e2C1kT Zfiooo ne  2CtotkT

a2 _ (—net@)2
e2C1kT Ziooo e 2CiotkT

o —net@?
Z_Oo ne  2CiotkT

_ (=ne+@)?
}:00 e 2CiotkT
— 0o

— 2
re9)
Z‘iooone_e 3C;oi kT

%2

I{—n+%}

_e2 X

ZOO e ¢ T2CioRT
—0o0

R )
~one

20

g QY
S

where © = thzk—T

Furthermore, let x = (3
occupation

[

yoo an®
ne =
<n>= —OO—MQ_

Ll T

) to get our final expression for the average island

(21.7)
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A plot of this below, shows the characteristic Coulomb staircase behavior.

Coulomb Blockade and Coulomb Staircase

x:=-2,~1.95.2 thisis basically Q/e, where Q is the gate charge

Here 6 = KTC,/e?

1000
{(X y n)2:|
Z n-exp|
n= = 1000 26 This is the average occupancy of the island. Note that
t(x ) =—

the range is not infinite to keep things simple. range is

1000 ) "large” though.
Z expl ———
2:0

.J
|
B

f(x,0.01) r—“*J

f(x,0.1) 0

f(x.10)

Figure 21.9: Coulomb staircase: Mathcad numerical solutions
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