ECE-656: Fall 2011

Lecture 2:
Sums in k-space /
Integrals In energy space

Professor Mark Lundstrom
Electrical and Computer Engineering
Purdue University, West Lafayette, IN USA

FZoNCN 8/25/11 PURDUE

nanoHUB.org




outline

1) Density of states in k-space
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5) Summary
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bulk semiconductor

(O’_Lz)
finite volume, Q
(part of an infinite volume)
N, atoms and 2N, states in Q)
Q=LLL,
Periodic boundary conditions:

w(F)=u, (F)e*"  k=2z/2

x>

p(x=0)=y(x=L) > e"" =
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bulk semiconductor

x>
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bulk semiconductor: Xx-direction
dk

0 2n LX % kx
L, kX = 72'/8.

# of states = dk, x2=N,dk

w (0)=w (L) —>e" = (27/L,)
kL =27j j=123,.. N, = L— density of states in k-space
T
27
K =—
T J
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counting states

0 dk, L,
R >
[T

> X, K,
27T
il | | S
| | | ‘
-zfa 0 +rx/a X
_ L =N,a
W(X) _ uk (X)elkxx X A
k = 2_7[ J — Z_EL
y(0)=p (L) e - LT,
. j |X
. =ik x=1| 27— |—
kL =27 j=12,3,.. X ( ﬂNA]a
2 o =Ny K =28
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density of states in 3D

(0.L) (L) (L
N, d%= 2>< J kz—yJ Jd k
(o.L,) o
Q=LLL, N, Zx(ij 433
(0.0) (O.L,)

x>

!
S

N

N>
o
N
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density of states in 2D

A A
N, =2 x —
‘ (47{2 j 27°

n £ 71[2 [ f,(E, )k, dk
BZ
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N>

<>

density of states in 1D

x>

Z f,(E,)cm™ .
kX
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=3 [ (B,

sum over subbands




density of states in k-space

10

dk

independent of E(k)

dk, k. dk,
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outline

1) Density of states in k-space
2) Example

3) Working in energy space

4) Discussion

5) Summary
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example: electron density in 3D

(O’_Lz) 1
N = ZE: Ty (Ek) fo = 1+ a(EEe)keT
(oL,)
1
n==>» f,(E °
Q=L,LL, QZ,;: o(E,) om
(0.0) 1 Q ]
: (0,L) = | f,(E,)d%k cm

x>

N
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example: cont.

n=—7[ f,(E)d%

BZ

4rk>dk

N
A )14 e(E—EF )/ kgT

Note: We extend the integral to infinity
because we can usually assume that
the higher energy states at large k have
E >> E, so they are not occupied.

1 T k2dk
2 4 l+e(EC+h2k2/2m*—EF)/kBT
1% k *dk

n= 2.[ —ne AR°k?12m kgT
T v1l+e 'Fe

1

E—Er )/kgT

fO

_1+d

h°k?
E=E.+E(k)=E.+ p—"

Te E(EF _EC)/kBT
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example:
1% k“dk
n= 2 I n°k?/12m kgT
- g lte et e e
* 3/2
- (Zm kBT) T n¥%dnp
27°h°  J1+€"7r
* 3/2
- (2m kBT) 2 T nY%dn

472_3/2h3

Jr £1+ g7

N=Nc/A, (77F)

14

cont.

TlE :(EF _EC)/kBT

n=hk*/2mk,T
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example: cont.

1
n:EZfO(Ek)a NeA (me)em® e =(Ep —E.)/kgT
K
| y e’ g b 2m kT +
// ¢ 4 ﬂ'hz

In[ﬁ/z (7¢ )] // Far2 (77 )

4

00

2 1/2d
g/z(WF)E\/;_([ T

1+ ™

N

Te

Me <<0 Ep <<E. A,(n:)—>e™ n=N.e" cm’

(non-degenerate semiconductor)
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Fermi-Dirac integrals

__ 1 ¢ nldy
ﬁ(nF)_F(jJrl)'c[lJren_nF Fi(n)—e" np<<l
F(n)=(n-1)!  (ninteger) (Er - Ec )/kBT <<1
ra/2) =r i
j
r(p+1)= pr(p) ay 7
. ' xJdx
don’t confuse with.... F; (77)=I1+ex_,7

0

For an introduction to Fermi-Dirac integrals, see: “Notes on Fermi-Dirac Integrals,”
3rd Ed., by R. Kim and M. Lundstrom) https://www.nanohub.org/resources/5475



exercises

1) Work out the corresponding expression for n, in 1D
2) Work out the corresponding expression for ng in 2D

3) Work out the average energy per electron in 1D, 2D, 3D

U :nu:iZEk f,(E,) cm™
QT
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1) Density of states in k-space
2) Example

3) Working in energy space
4) Discussion

5) Summary
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working Iin energy space

1 K,
nZEZfO(Ek) cm® .
0/
1 |
= f (E, )d°k |
n 472'35'.‘; O( k) \\\ﬁi N ky
1 o0
= | £ (E, ) 4rk*dk K,

0

(no bandstructure yet)
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working Iin energy space

1 - h2k2
- k dk cm?® E=E.+
0 *
J L
2m’
= =2-(E-E)
d=¥M/2 (e yirge

: (Zm )3/2 »
k2dk = (E-E, ) dE

h3

*\3/2
2m % |
nz(zﬂzi)_lg Ejfo(Ek)(E—EC)“dE
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energy space

*\3/2
2m % |
n:(zﬂzi)-ﬁ Ejfo(Ek)(E—EC)“dE

n= [ 1,(E,)D(E)dE

(zm* )3/2
o(6)-20) (e
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energy space: cont.

n= [ 1,(E)D(E)dE

dE

27Z2h3 Ej 1_|_e (E- EF /kBT

N=Nc7Ay, (77F ) cm
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1
fO 1+e(E—EF)/kBT
(Zm*)3/2

D(E)=" 0 (E-E.)"
UF:( EC)/kBT
77:(E EC)/kT

1( 2mk.T
N . B

¢ 4( h* j



k-space vs. energy-space

k-space:
1

n=5;fo(Ek)=

Q
N d’k = ——
‘ Ar®

energy-space:

o0

]

= [ f,(E)N,d’k cm?

n= [ f,(E)D(E)dE

D(E)dE | ) (E-E.)"dE

23
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DOS: k-space vs. energy-space

hok?
c 2m’ but non-uniformly distributed
--------------- In energy space.
dE <
Depends on E(k)
B 2 (e.g. different for parabolic
bands and linear bands)
dk,
<>
—HHHHH A K
% %
27 /L,

States are uniformly

[D(E)dE — N(k)dk ] distributed in k-space,
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DOS

parabolic bands graphene
22,2 *
E =nk?/2m E = +hop k2 +K
(Zm*)3/2 ]
1/2
D3D(E):gV 2 7273 (E_EC)
: 2|E|
. m — E>E D. (E)=—1"1
DZD(E)_gV vy ¢ 20 (E) Th20?
1 2m’
D, (E)=
1o (E) gvﬂh\/(E—EC) _
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other moments of the Fermi function

—>» E f,(E 3
<Enk>:uZQ1kZ ‘ O( k) ] U_EkBT
5; fO(Ek) (77F << O)
(v)=0
1
5k Zkk kaO(Ek) 2k T
<U+>= 1X>O’y’z cm/s=0; o = 7”?]* (7- <<0)
5k 0.k, .,k fO(Ek)
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uni-directional thermal velocity

A Z Uy fO(Ek) 2k T

U =

cm/s = O, Tm

Q, 2. fo(E) (7. <<0)

UT/ZZUR

Richardson velocity
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rms thermal velocity

u=§kBT u=im*<uz(E)>
(o) =2k
<02 >1/2 = Urms = 3:(7']3]- #Ur = ik;-l,:

1) unidirectional thermal velocity
i) Richardson thermal velocity
i) rms thermal velocity
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suggested practice (slide 28)

1) Work out the moments for T = OK.

2) Work out the moments for T > OK.

3) Work out the moments for 1D and 2D carriers.

4) Finally, work them out for the conduction band of
graphene to see how they depend on bandstructure.
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1) Density of states in k-space
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