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Reference: Vol. 6, Ch. 2 (pages 29-45)
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Time-independent Schrodinger Equation

Assume

h° dy dy .
- +U XY =ih—— P(x,t)=w(x)e ="
2m, dx’ dt

IEt 2 2 lEt |Et

— h° dw(Xx) —IE

—e re "Uw(X)=ih—w(x)e
om. dx’ (X)yw (X) = .  (X)

ne dy
2mO dx*

+U(X)y = Ey

d’y 2mO
e

Alam ECE-606 S09

(E-U)y =0




Time-independent Schrodinger Equation

dl// 2m

2 (E-U)y =0
dx?

If E >U, then ....

E\/sz[E_U] dz‘//+k w=0 w(x)=Asin(kx)+Bcos(kx)
h dx® Z A ey A @ik

If U>E, then ....

dzw 2 —aX +aX
aE\/ZW‘o[U—E] 2 —a‘y =0 w(x)zDe + Ee
h
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A Simple Differential Equation

ne dy
2mO dx*

+U (X)y = Ey

e Obtain U(x) and the boundary conditions for a given problem.
e Solve the 2" order equation — pretty basic
* Interpret ‘W‘Z =y asthe probability of finding an electron at x

e Compute anything else you need, e.g.,

(g P d E=| { } d
p_gw[idx}svdx !5” ¥ dx
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Full Problem Difficult: Toy Problems First

Periodic
Structure
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Case 3:
Free electron
E>U

Case 1:
Electron in finite well
E<U

T{\HUU
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Case 2:
Electron in infinite well
E << U
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Five Steps for Analytical Solution

1)

2)

3)

d’y 2N unknowns
> +ky=0 —— :
dx for N regions
wlx=—0)=0 . peduces 2 unknowns
w(X=40)=0
W|X=XB_ ] W|X2X8+ __ 5 Set 2N-2 equations for
dy| _ ‘jj_‘// 2N-2 unknowns (for continuous U)
X |,y X |yey

Det (coefficient matrix)=0 5 J'OO ‘W(X, E)‘Z dx =1
And find E by graphical —
or numerical solution for wave function
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Case 1: Bound-levels in Finite Well (steps 1,2)

e U(x)
/

= AsInKkx + B coskx

1)

2) Boundary

| conditions
W _ I\/&ax +Ce+ax W(X — —OO) — O
)g/ W (X = +00) = 0




4 o . N
Step3: Continuity of wave-function

C=8B
3) W‘szB_ - W‘X=XB+ aC = —kA
dy dy
& = & :> Asin(ka) + B cos(ka) = De™**

kAcos(ka) — kBsin(ka) = —aDe™**

= AsInKkx + B coskx

W= e )/\ W = De **
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Step 3: Continuity of Wavefunction

C=B
aC =—kA

Asin(ka) + B cos(ka) = De™**

kAcos(ka) —kBsin(ka) = —aDe ™

ﬂ

0 1 -1 0 VA
k 0 o 0 ||B
sin(ka) cos(ka) 0 —-e*|C B
cos(ka) —sin(ka) 0 «e ™ /k )| D
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tan(aa\/g ) =

NE
25 -1

-

Step 4: Bound-level in Finite Well

det (Matrix)=0

Only unknown is E

(i) Use Matlab function
(ii) Use graphical method
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Step 4: Graphical Method for Bound Levels

X°=X+5
y, = NG Y, =X+5 tan(%a\/g) =

2JE(L-¢)

26 -1
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Step 4: Graphical Method for Bound Levels
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Step 5: Wave-functions w = Asinkx + B cos kx

w =Ce™ S W = De %

0TI L0 fA] (O /\
k1o « 0 |8l |o 1 v
sin(ka) cos(ka) 0 e : ||C| |0
cos(ka) —sin(ka) 0 —aDe**/k ) D] [0 |

1 -1 0)B] [0 |

0 a 01/ C |=|—-kA

cos(ka) 0 e ) D] |—Asin(ka)

_ -1~ -

B 1 -1 0 0
C|=|0 o 0 —kA
D| l(costka) 0 e“*) |—Asin(ka)
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Step 5: Calculating Wave-function

w = Asinkx + B cos kx
Y = Ce** W = De—ax

/\ a1 Py Vi ]
/ Ci=|0 a 0| |—kA

| EssEsspeaamaaaaa e |
D| \costka) 0 e ) [—Asin(ka)

:_O:O|t//|2dx =1 =

0 2 20X a - - 2 0 oo
| c% dx+_[O | Asin(kx)+Bsin(kx) | dx+'[a D% 2*dx
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Aside: Infinite Quantum Well

2
d "2”+k2y/=0 kE\/ZmO[E—U]
dx h E

1) Solutions: ¥ = AsIinkx+ B cos(kx)

2) Boundary conditions

w(x=0)=0=Asink(0)+Bcosk(0)

v (x=a)=0=Asin(ka)= Asin(nr)

22 1z
. nx /szEn E _hnﬂ'

— n

n a h 2m0a2

N
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Five steps for Analytical Solution: Follow rules

d2y 200 2N unknowns
1) o VT for N regions
2) ylx=—0)=0 __ | Reduces 2 unknowns

(X =+0)=0

3) W|X=XB_ - l//|x:xB+

L —
dX |, dX

__ 5 Set 2N-2 equations for

X=Xg"

4) Det(coefficient matix)=0 5) on ‘W(X, E)‘2 dx =1
And find E by graphical —
or numerical solution for wave function
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2N-2 unknowns (for continuous U)




Practical examples: Si/Ag and Si/SiO2

Si S0, S

Er Si Ag
-0.2 4 V= I/ Free states
%.. 1
— 0.4 -
=
>
E
W -0.6 - 2 .
4 - e QoS
-0.8 A
> Bound States

80 -60 -40 20 0 20
z(A)

Speer et. al, Science 314, 2006.
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Case 2: Solution for Particles with E>>U

A
d’y 2 J2m,[E-U] °
+k :O kE 0
a7 h .
1) Solution  w(x)= Asin(kx)+ Bcos(kx)
ikx —ikx U(x) ~0
=Ae " +Ae LU Uy

2) Boundary condition  y/(x)=Ae" positive going wave

=A e™ negative going wave
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.

Free Particle ...

w (x) = Asin(kx)+ Bcos(kx)

— A+eikx +A_e_ikx

w(x)=Ae"™ positive going wave

=A e negative going wave

*

Probability: \w\z =y =|A[ OF\A_\Z

A+

Momentum: P= J.SU* {hd} ¥ dx = hk or -Ak
; | dx
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Case 3: Bound vs. Tunneling State

Aeiklx 4 Be—iklx
. e | | Boundary conditions
Ce™ +Me™ ™ Delklx 4 Ne—lklx N=0

J P
/\/\f[_\u/_\[\\/\/\/ 5 unknowns (C,M,A,B,D)

4 equations from
x=0 and x=a interfaces

No bound levels

Ratios of D/C is of
Interest.
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Practical Example: Oxide Tunneling

Si0,
2 5nm
3 = \\
2 - W ]
1ch L
1 ™

LY
0 4= i

< — | 07eV
e — | Gat
- ] bias
= .24 0.7V
E - p-type Si n-type Si

_3-_ 5x 10" em™ 3x10" em”

4

-5

—E—‘ \\

7

N L [FRE S T PN INN DNRLZNE LN S ENL O NS BN NN L R
50 55 60 65 70 75 8O0 85 90 95 100 105 110 115 120

distance (nm)
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Conclusions

1) We have discussed the analytical solution of
Schrodinger equation for simple potentials. Such
potential arises in wide variety of practical systems.

2) Numerical solution is very powerful, but it is easy to
get wrong results if one is not careful.

3) Solving bound level problem is different compared to
the solution of tunneling problem. The corresponding
recipes should be followed carefully.
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Numerical solution of Schrodinger Equation

zi%kzw:o = J2m [E-U(X)]/ h
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(1) Define a grid ...

ne dy
— +UX)y =E
om. dx’ (X)y =Ey

U(x)

U,

______________________________
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Aside: Finite difference — Connecting neighbors

d a’ d?
w(x0+a)=z//(x0)+ad—l/;xo_a+ 5 dxgzyx +..
dy a® d’y
W (X% —a)=y(X%)- x| 2 A ona_
deW

dZW Wi 22Ut
2

dx? | a
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(2) Express equation in Finite Difference Form

dZW hZ

2 — —

_(toa ) " +UX)w =Eyp| t,= om.a’
d*y _ Vi —2Wi+ Wi

dx” | a’

[_toWi—l "‘(Zto +U, )‘//i _to‘//i+1} =Ey,

w(0)=0 N unknowns w(L)=0
A
\\\\\\ Cmm ey ,////
b : ® . ° . ® ; +
0! 1 2 il i i+l N1 X
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(3) Define the matrix ...

[_toWi—l T (Zto T ECi)Wi ~ toWi+1]: Ey,

:_tt%_'_(Zto T ECi)‘//1 _toW2] = Ey,

:_tOWN—l + (2t0 T ECi )WN - tol///(:lil — EW.

V=EY N

I

N x N Nx1

1 @rE) b

Nl
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(i=2,3..N-1)
(1=1)
(i=N)
=E




(4) Solve the Eigen-value Problem

Eigenvalue

problem; easily @\ ______________

solved with

MATLAB& N\ €2

nanohub tools &1
- a |
+ ® ® ® ® ® ® ® ® ® ® ® #
1L 2 3 4 (N-1) N
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