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Reference: Vol. 6, Ch. 3 (pages 51-62)

Alam ECE-606 S09




/
Getting Back to Crystals
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Problem Electrons in periodic
potential: Problem
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Finally an (almost) Real Problem ...

Wn+1 — A1+l Sin kX+ B

ﬁ\
E v, =C e”"+D, e™

|

|

n+1

COS kX

U(x)

a b

p=a+b

But N atoms have two 2N unknown constants to find ...

For large N, isn't there a better way ?
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Four Steps of Finding Energy Levels in Crystals
d2
1) ; Y 4Ky =0 4) Det(coefficient matix)=0
X
2) y(x=-0)=0 Set 2N-2 equations for
(X =+0) =0 2N-2 unknowns

3) W|X:XB_ - l//|x:xB+

dy dy

x| dx

X=Xg~ X=Xg"

N is very large for crystal, but changing steps 2 and 3
a little bit we can still solve the problem in a few minutes!
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Periodic U(x) and Bloch’s Theorem

p(x) =w(x+p) =

A

!

l

w(X+p)=w(x)e

not our old (k)
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Ikp

E U(x)=U(x+a+b)=U(x+p)
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Phase-factor for N-cells

Xy (x+p)
\ w(X+2p) y (x+Np)
E | U(x)
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v[x+p] =w(x)e

ikp

Ikp
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Step 2: Periodic Boundary Condition

:f\
E U(x)
A DA DN DA N
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Step 3: Boundary Conditions

l//|x=0‘ - W|x=0+
dy|  _dy

dx |,_o ~ dx ot
Ba — By

ah, =[A

Wa‘x:a =¥, ‘x:—b eik i

dWa dl//b

_ ik p
dx |,_, dX

x=-b

a =+/2mE/i?

B=iJ2mU, - E)/n’

v Y
:_ = A sinax
v, = A sin fx Vo= Asina s
+B, C0S X +B, cosax :
b .
\ £

| I >

-b 0 a

A sinaa+ B, cosaa =
e “*M[-A sin b+ B, cos 40]

a A, sinaca—aB,cosaa =
eI BA sin Bb+ BB, cos Ab]
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Step 4: Det(matrix)=0 for Energy-levels
v Vo
B. =B, v, = A, sin fix " =+'I:a ii:sa);
— B, b ° “
aAa :B'Ab +B, cos A v
| | >
. -b 0 a
A sinaa+ B, cosaa =
e“@D_A sinfb+B,cospo] 4 (0 1 o -1\fA] [0]
a 0 ; 0B, | |0
aA sinca—aB, cosaa= = * * A “lo
e[ BA sin Bb+ BB, cos Ab] * @ B, | [0
1-2¢ E 2mU
X tverireeenn, =cosk =— Q= :
2EJ1-& P e u, ° h?
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Graphical solution to Energy Levels
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Energy Band Diagram
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Brillouin Zone and Number of States
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Wave Packet and Group Velocity

A w(X,t)= Aeikx_iit + Aei(k+Ak)X_(

E+AEjt

i(Ak)x—i(AEjt
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v (x.t)
i E i i(Ak)x—i[ 25 |t V4 N— t
=Ae'kX"‘1t 1+e(k) (hj} |
VR N\ a S O d
ikx—iEt: )
— Ae 7 1_|_e|xconst.:| __/\_— t2
i NN N L
_Ax _AE
At RAK
y [xAk—t%}:constant.
L _Av_1d [AE}_ 1 d {AE}d(hk)_ F
At hdt| Ak | A°dk| Ak | dt m*

.

Group Velocity for a Given Band
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Effective Mass for a Given Band

o o -

.

mass for each band

1 AE
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Effective Mass is not Essential ...
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Conclusion

1) Solution of Schrodinger equation is relatively easy for systems
with well-defined periodicity.

2) Electrons can only sit in-specific energy bands. Effective masses
and band gaps summarize information about possible electronic
states.

3) Effective mass is not a fundamental concept. There are systems
for which effective mass can not be defined.

4) K-P model is analytically solvable. Real band-structures are solved

on computer. Such solutions are relatively easy — we will do HW
problems on nanohub.org on this topic.
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