
Rovnice vedeńı tepla ve 2D

• parabolická rovnice vedeńı tepla ve 2D

ut − b(uxx + uyy) = f

je dob̌re podḿıněná pro b > 0

• explicitńı schema

un+1
ij − unij

∆t
− b(δ2

x + δ2
y)u

n
ij = fij

je stabilńı pro ∆t ≈ ∆x2 p̌ri ∆y = ∆x

• implicitńı schema

un+1
ij − unij

∆t
− b(δ2

x + δ2
y)u

n+1
ij = fij

je stabilńı vždy a dovoluje volit ∆t ≈ ∆x; matice systému

un+1
ij + b∆t(δ2

x + δ2
y)u

n+1
ij = ∆tfij + unij

je symetrická a pozitivně definitńı, tj. můžeme použit metodu
konjugovaných gradient̊u

• metoda sťŕıdavých směr̊u ADI (Altered Direction Implicit);
prvńı půlkrok

u
n+1/2
ij − unij

∆t/2
− bδ2

xu
n+1/2
ij − bδ2

yu
n
ij = fij,
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druhý půlkrok

un+1
ij − u

n+1/2
ij

∆t/2
− bδ2

xu
n+1/2
ij − bδ2

yu
n+1
ij = fij,

v každém půlkroku řeš́ımN tridiagonálńıch systémů s matićı
N ×N ; metoda je bezpodḿınečně stabilńı
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Advekčńı rovnice ve 2D

• advekčńı rovnice ve 2D pro u(t, x, y)

ut + aux + buy = 0

s počátečńı podḿınkou u(0, x, y) = u0(x, y)

• analytické řešeńı

u(t, x, y) = u0(x− at, y − bt)

ově̌reńı

−au0
x − bu0

y + au0
x + bu0

y = 0

Metoda rozkladu

• dimenzionálńı rozklad (splitting), rozlož́ıme ut + aux +
buy = 0 na 2 rovnice

ut + aux = 0

ut + buy = 0

• diskretizace unij ≈ u(n∆t, i∆x, j∆y)

• jeden časový krok z vrstvy n na vrstvu n+ 1, čili znám unij

– ∀j řeš́ım ut +aux = 0 1D diferenčńım schematem Dx,
vycháźım z unij a dostanu ũn+1

ij = Dxu
n
ij
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– ∀i řeš́ım ut + buy = 0 1D diferenčńım schematem Dy,
vycháźım z ũn+1

ij a dostanu un+1
ij = Dyũ

n+1
ij

• základńı metoda un+1
ij = D∆t

y D
∆t
x u

n
ij je pouze 1. řádu

p̌resnosti

• symetrizace – Strangův rozklad (splitting)

un+1
ij = D∆t/2

x D∆t
y D

∆t/2
x unij

je 2. řádu p̌resnosti; lze p̌repsat

un+k
ij = D∆t/2

x D∆t
y D

∆t
x D

∆t
y · · ·D∆t

y D
∆t/2
x unij

• symetrizace

un+1
ij =

1

2
(D∆t

y D
∆t
x + D∆t

x D
∆t
y )unij

je také 2. řádu p̌resnosti, ale je výpočetně náročněǰśı

• stabilita je dána stabilitou 1D schemat, nap̌r. optimálńı
stabilita pro |a|∆t/∆x ≤ 1, |b|∆t/∆y ≤ 1 dává podḿınku
na časový krok ∆t ≤ max(∆x/|a|,∆y/|b|)
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2D metody bez rozkladu

• advekčńı rovnice ve 2D

ut + aux + buy = 0

• centrálńı schema

un+1
i,j − uni,j

∆t
+ a

uni+1,j − uni−1,j

2∆x
+ b

uni,j+1 − uni,j−1

2∆y
= 0

• řád p̌resnosti O(∆t,∆x2,∆y2)

• stabilita – dosazeńım

un+m
i+l,j+k −→ gmeiξleiηk

dostanu zesiluj́ıćı faktor g(ξ, η) a von Neumannova podḿınka
stability je

∀ξ, ∀η|g(ξ, η)| ≤ 1,

když g nezáviśı explicitně na ∆t,∆x,∆y, ale může záviset
na λ = ∆t/dx a µ = ∆t/dx

• centrálńı schema je bezpodḿınečně nestabilńı, viz vzorový
program http://kfe.fjfi.cvut.cz/˜liska/drp/ds/2D/stab2D-
central.mws;

• zpětné schema pro a > 0, b > 0

un+1
i,j − uni,j

∆t
+ a

uni,j − uni−1,j

∆x
+ b

uni,j − uni,j−1

∆y
= 0
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je stabilńı v p̌ŕıpadě a∆t/∆x = b∆t/∆y pro a > 0, b >
0 a a∆t/∆x = b∆t/∆y ≤ 1/2, viz vzorový program
http://kfe.fjfi.cvut.cz/˜liska/drp/ds/2D/stab2D-zpetne.mws

• Lax-Friedrichsovo schema

un+1
i,j − (uni+1,j + uni−1,j + uni,j+1 + uni,j−1)/4

∆t

+a
uni+1,j − uni−1,j

2∆x
+ b

uni,j+1 − uni,j−1

2∆y
= 0

je stabilńı v p̌ŕıpadě |a|∆t/∆x = |b|∆t/∆y pro |a|∆t/∆x =
|b|∆t/∆y ≤ 1/2

• zobecněná CLF podḿınka ve 2D je |a|∆t/∆x ≤ 1, |b|∆t/∆y ≤
1

• schema stabilńı p̌ri splněńı CFL podḿınky je optimálně
stabilńı

• vzorový program http://kfe.fjfi.cvut.cz/˜liska/drp/ds/2D/pde.m

6

http://kfe.fjfi.cvut.cz/~liska/drp/ds/2D/stab2D-zpetne.mws
http://kfe.fjfi.cvut.cz/~liska/drp/ds/2D/pde.m


Dvoukrokové metody v 1D

• advekčńı rovnice v 1D ut + aux = 0

• primárńı śıt’ (tn, xj) = (n∆t, j∆x) s hodnotami unj

• duálńı śıt’ (tn+1/2, xj+1/2) = (n∆t + ∆t/2, j∆x + ∆x/2)

s hodnotami u
n+1/2
j+1/2

• prediktor poč́ıtá řešeńı na duálńı výpočetńı śıti

u
n+1/2
j+1/2 − (unj+1 + unj )/2

∆t/2
+ a

unj+1 − unj
∆x

= 0

• dvoukrokové Lax-Friedrichsovo schema je pak dáno korek-
torem, což je prediktor posunutý o 1/2 v indexech n i j

un+1
j − (u

n+1/2
j+1/2 + u

n+1/2
j−1/2)/2

∆t/2
+ a

u
n+1/2
j+1/2 − u

n+1/2
j−1/2

∆x
= 0

t

t

t

x x xx xi−1 i i+1i−1/2 i+1/2

n+1

n+1/2

n
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• z prediktoru a korektoru vyjáďŕıme

u
n+1/2
j+1/2 =

unj+1 + unj
2

− a∆t

2∆x
(unj+1 − unj )

un+1
j =

u
n+1/2
j+1/2 + u

n+1/2
j−1/2

2
− a∆t

2∆x
(u

n+1/2
j+1/2 − u

n+1/2
j−1/2)

un+1
j =

unj+1 + 2unj + unj−1

4
− a∆t

4∆x
(unj+1 − unj−1)

−a∆t

2∆x
(u

n+1/2
j+1/2 − u

n+1/2
j−1/2)

un+1
j = unj +

∆x2

4

unj+1 − 2unj + unj−1

∆x2

−a∆t

4∆x
(unj+1 − unj−1)

−a∆t

2∆x
(u

n+1/2
j+1/2 − u

n+1/2
j−1/2)

• modifikovaná rovnice

ut + aux =
∆x2

4∆t
(1− a2∆t2/∆x2)uxx

– difuzńı schema

• standardńı Lax-Friedrichsovo (LF) schema

un+1
j − (unj+1 + unj−1)/2

∆t
+ a

unj+1 − unj−1

2∆x
= 0

vyjáďŕıme un+1
j

un+1
j =

unj+1 + unj−1

2
−
a∆t(unj+1 − unj−1)

2∆x
= 0
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un+1
j = uni +

∆x2

2

unj+1 − 2unj + unj−1

∆x2

−
a∆t(unj+1 − unj−1)

2∆x
= 0

• modifikovaná rovnice

ut + f (u)x =
∆x2

2∆t
(1− a2∆t2/∆x2)uxx

– difuzńı schema, v́ıce difuzńı nežli dvoukrokové

• dvoukrokové Lax-Wendroffovo (LW) schema použ́ıvá stejný
prediktor jako LF schema a korektor

un+1
j − unj

∆t
+ a

u
n+1/2
j+1/2 − u

n+1/2
j−1/2

∆x
= 0

• z prediktoru vyjáďŕıme

u
n+1/2
j+1/2 =

unj+1 + unj
2

− a∆t

2∆x
(unj+1 − unj ) = 0

dosad́ıme do LW korektoru

un+1
j − unj

∆t
+

a

2∆x
(unj+1 + unj − unj − unj−1)

−a
2∆t

∆x2
(unj+1 − unj − unj + unj−1) = 0

a dostaneme

un+1
j − unj

∆t
+ a

unj+1 − unj−1

2∆x
− a2∆t

2

unj+1 − 2unj + unj−1

∆x2
= 0

což je LW pro advekčńı rovnici, viz základńı schemata pro
advekčńı rovnici
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Dvoukroková schemata ve 2D

• advekčńı rovnice ut + aux + buy = 0

• prediktor

u
n+1/2
i+1/2,j+1/2 − (uni,j + uni+1,j + uni,j + uni+1,j+1)/4

∆t/2

+
a

2∆x

(
uni+1,j + uni+1,j+1 − uni,j − uni,j+1

)
+

b

2∆y

(
uni,j+1 + uni+1,j+1 − uni,j − uni+1,j

)
= 0

• LF korektor je prediktor posunutý o 1/2 v indexech n, i, j

• LW korektor

un+1
i,j − uni,.j

∆t

+
a

2∆x

(
u
n+1/2
i+1/2,j+1/2 + u

n+1/2
i+1/2,j−1/2 − u

n+1/2
i−1/2,j+1/2 − u

n+1/2
i−1/2,j−1/2

)
+

b

2∆y

(
u
n+1/2
i+1/2,j+1/2 + u

n+1/2
i−1/2,j+1/2 − u

n+1/2
i+1/2,j−1/2 − u

n+1/2
i−1/2,j−1/2

)
• obě dvoukroková LF a LW schemata jsou optimálně sta-

bilńı, tj. stabilńı pro |a|∆t/∆x ≤ 1, |b|∆t/∆y ≤ 1; časový
krok voĺıme ∆t = C min(∆x/|a|,∆y/|b|)
• vzorový program

http://kfe.fjfi.cvut.cz/˜liska/drp/ds/2D/pde2step.m
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