Liouville equation (theorem)

Density of systems (x particle density = Klimontovich equation)
system of 1. particle  (6-dimensional space)

N (%, By, t) = 8% — X, ()] S[ P, — P, (1)]

System of No particles (6No-dimensional space)
Ny _ _
N(%,, By Ry o By, 1) = [ [ST% = X, (01 ST, — P ()]
=1

Normalization (1 system) fN(Yl, P Xy, o Py, 1) dX, dp,..dX dp, =1
We express ON /ot and use 25[2—)@(0]——%—): V. O1% = X ()]

8N I\'OdX P
Then one obtains 8t dt VIN+Z V N 0

and after substitution Llouwlle eguation is obtained

ZE}'V N+ZqI " (Xt +rrr)1l xB™ (%;,t) V,N=0
= |

Suggested reading: Nicholson chap. 4 and 5



DN
Left side iIs total derivative with respect to the system trajectory pt

Conservation law of number of the systems

N o D N, B
— ALV (EN)+D (FN)=0
i=1 i i=1

Ensemble of macroscopically identical systems
Probability density

NA

fy, (X By Xy, Py ) A% d Pr.d Xy d Py = -
A

ratio of number of systems in phase space element to all systems in
ensemble

Integral =1 systems in ensemble are neither born not get lost

afNu%v (X fN0)+Zv ( ) 0

=0



Density of systems does not change along system trajectory in phase
Space D 'F /Dt — O

:_jﬁa[x - X,®15[p, - B

A =1 i=1

N, 0 3
Z No+zFiV5i fNOZ
=1

=1

Na systems in ensemble

~

Liouville’s equation at

V Is normalization volume
[ fy,dpdp,.dp, =V ™ =f, =V*f,
Kk-particle distribution function
fo (R B X B) =V ™ [d R, d By R, , A By, d %y, d By fy
boundaries
fy, =0 X VY v Z. — Foo fy, >0 P Vv Pyi VP, —> 10

distribution function is symmetric to interchange of identic particles

(oK Brseonr X Bren) = Fo (s K Breens X B



Let’s assume 1 kind of particles for simplicity only Coulomb interactions

d . N 1 @
Epi:;Fij |:ij= B(Xi_xj)

A1 &, ‘)*(i _y(j‘

We derive equation for fy,-1from eq. for fy, by integration jdimo d Py,

_ _ 0
j dx,, d Yo _v Zf
N, N, ot ot Ny—1
B Nj B No—l_> a a a
IdeO d p, ;v, v, fy, =V > v,V +'[de0 d py, {vao ox + V. 5Y—NO+VZN° o j "
second integral = 0 (first term  [dBy, dyy, dzy, Vi, fy, [0 =0)
No No No—1 Ny—1 No—1 Np-1Ng-1
,[d)_(No d Py, 22 FiVefe, =2 2 G +Z in, +Z Oy + gy, =V Z RV fna t
i=1 j=1 i=1 j=1 =1 j=1
No—1
+Zjdx d Py, F VT +Zjdx d Py, d P, Py i, [ o + O
Equation for fNo—l
P No-1 Ng-1Ng-1 1 Nod
— st YV, FV, Ty .= Jdxy, d Py, Fa, Vs i,
i=1 i=1 j=1 1



We derive eq. for Tn,—2 from eq. for T, by integration jdXNo—ld Py, 1

No-1 No—2

ZJ.dXN 1de 1J.dX de F|N Vﬁf _ZJ.dXN 1de "N 4V jdX def _VZJ.dXN 1de 1F|N0 V f

i=1

Equation for fNO—Z

v, in fNo—Z + Z Ifijvrsi fNo—2 = _[dXNO d ﬁNO—l iNg—1 Vpi fNo—l

— -
No—2
ot i=1 i=1  j=1

Equation for f

_f +ZVV f, +ZZFV f, ——N(’\/_kzk:jdxk+ldr)kﬂlfikﬂvﬁl f.
i=1

i=1l j=1

BBGKY (Bogoljubov, Born, Green, Kirkwood, Yvon) hierarchy

Equivalent to Liouville theorem (includes trajectories of V particles), but
IS can be truncated, we are interested in k << Np, then N,k
(no is particle density) v

% f,+V,V, f,+n,[dX,d B,F,V, f,=0

=1,

for one-particle distribution

L " N\ . L CY)
normalization condition [ f.(B)dp. =1 alternatively | f:(% P)dp, ===

0



fZ()_(l’ ﬁl’ )_(2’ er’t) — fl()_(l’ ﬁl’t) fl()_(>21 _p>2’t)+g()_(>11 51’22’ ﬁZ’t)
g - binary correlation function, 1% step in Mayer cluster expansion
internal force acting on particle is F = nojdf{z dp, R, (X, By 1)
0 _ = _ = o _

a 1:1 +Vy Vil f1 +F Vpl 1:1 = _nojdxz d szlzvplg(Xp pl’ X2 ﬁz,t)
Term on the right side — collision integral g =0 — Vlasov equation
Equation for g needed equation for f2

o _ _ _ . = —

5 " +(V1V’?1i Ve V*z) T, +(F12Vﬁ1 T F21Vﬁz> f= —nojdx3 d p3(F13vr)1 + F23Vr)z) s

Cluster expansion
f,(12,3)=f,) (2 f,3)+ ,Dg(2,3)+ f,(2)g(L3) + f,(3)g(L 2) +h(1,2,3)

h — three-particle correlation function ~ A - will be omitted
o _ _ - -
— 90D +(%,Vy, +%,V, )9(.2) = =RV, + RV, [0 1:(2)+ 91, 2)] -

~{no[d%,d B,FV, [0 3]+, [dR, d B.EY, [ £,(99(LI)])

Closed system of equations for f; and gi2



We want to express binary correlation function via one-particle dist. fun.

Homogeneous plasma without external fields and potential binary
Interaction assumed

fl()?’ E’t): fl(ﬁ’t) |f()—(>’t):|f(t):6 - 0 :g()_(l_)_(Z’ ﬁl, rjz’t)
If __6U12(|7(1_7(2|) AX
12 O%, g is estimated from 1 term of equation ¢ ~ Vr

, ~ WU LT E; Py~ 182U Er iy integral meaning

Equation for f; and gi12, more sorts of particles

of, _ of af oU, (F, - 1,])
a 1y 24 dr d p . p.t)—=2ta b

Force consists of internal and external forces

ol _ ) o o R
Fa:Fa_a_Egjdrbdpbfb(rb’pb’t)Uab(‘ra_rb‘)
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We want to express collision term

of _ 0
{El‘aﬁa%dﬁdmgw( P P )

Equation for gab

ab(|r _Fé)|)
or.

a

ot *er, “or  *oép, | op, or,
of of \ou. of o )
- - b 'a _>b 0 4 _}a Zjdcd ¢ Yuc
apa apb 8@ apa C a
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The task has 2 possible small parameters
(1) weak force interaction between particles

u.
a=—-<1
& - average kinetic energy
U last term on the left side omitted
& ~ S =< [, 1, as o
= o " & ’ compared to the 1% on right side
U, last term on the right << previous
habc - fagcb 6]- < fagcb g p
(2) short reach of forces d - reach of forces, n — particle concentration
U 2"d term on the right side omitted <<1%
=(nd’)—£ « 1 ) ) ) !
p=nd’) E 3" term on the right side omitted <<1*.

ingases Uw =€ and nd’ <1 thusa-~1, f<<1
1

2
.. @
_ ,82(]11/‘5)4 kT’”l
in plasmas &0 Kp and a<<1



If o <<1 A << 1 = Fokker-Planck (Landau) collision term
simple for solving, assumptions are not fully met in any system

If #<<1 (any ) — Boltzmann collision term (gas, inelastic collisions in
plasmas)

If a<<1 (any f) — (Bogoljubov-)Lenard-Balescu collision term (elastic
collisions in plasmas including large distance interactions)

How to express gan? Relaxation time 7y of correlation function g
(collision duration) << relaxation time z of one-particle distribution
(1/collision frequency)

It is enough to express g in the limit t—o0

Bogoljubov’s hypothesis g(t—-o) = 0 (particles are not correlated

before collision, but correlation exists after collision =
Irreversibility - time between collisions of the same
2 particles is big (information on previous collision is lost)

We derive Landau (Fokker-Planck) collision term — the simplest one

U, (IF, -
(aw oLy a]gab £8fa fb—fa@ib) » (=)
o cor, o op, op, cr,




What is g in equilibrium? Function f Maxwellian and time derivative= 0

n P 1 L
f — a _ a _ = .
a (27Z'makBT )3/2 exp( 2makBT j — gab k T U (‘ra b‘) fa fb

(correct g for Uay << kg T)
Solution of the equation out of equilibrium

Solution in time t is found by integration from to, equation characteristics
correspond to steady straight-line motion of particles a, b

Lo ==V, (t-t) T =% -V, (t=t') andsimilarly, for particle b

a — ! — !
gab(  Par Ty pb’t) gab(ao  Par oo s P b )+.[dt { cr, Uab(rat' Iy )}X

{f (T ,F%’t) fo(Res Pant) — T, (Te ,pa,t')be(fét", ﬁb’t’)}
P, op

b

spatially homogeneous f,, f, (at forces reach) constant in time (for
collision duration)



o _ 0 _
gab( rja’ b’pb’t) gab(aO’pa’rt;o’pb’t0)+{fb(rt;’pb’t)£fa(r;’pa’t)_
we use Bogoljubov’s hypothesis fhp >0 gyt —>—0)=0
and into collision integral

!/ /

F’

at'

o Fl;t'

NGLRE f(r,m,t)}Idt U

a

afa 0 — aUab (‘F;i _ﬁ)‘)
(atjcza_ﬁa;jdﬁ)drjb gab(ria’rja’rl;’pb’t) 8@

we substitute expression for gap and following expression is obtained

of, j 5 1 (v v of of,
dp, I; V = f, -, —
( C 8pal Zj )Lﬁpaj prj j

ab 3 6Uab(| a _, .
e 1@ =], o j dta—%uabq —F, +Vt))

We express the interaction potential using Fourier transformation



o\ d3 k — - P _ qaqb
Ua (M) = J‘ (27)° q)ab(k)eXp('kr), where Pa (k) = g,k? 1s transform of

Coulomb potential (derivation in appendix)
The integral diverges logarithmically — Kmin=1/rmax =1/rp, Kmax=1/rmin

ooy s V G~V V,
12 (v) = 2ot LInA,,

where Coulomb Iogarithm InAab — In(k /kmln) — In(r I mln)

h ) b — qaqb 1
2m, v’ , where Landau length 0 27e, M, V2

of Vi 8 — Voo Vi [ OF, of,
( aj anqb InAabjdpb b i : f—f —b
61: c apal 72"90 Vab 6paj apbj

r . =max(b,,

This can be written in form

3= aen Lo
ot /. op (’Bpai (’BpaJ



Dynamic friction force (it decelerates moving particles)

2 2 2
@5 1-5 %% 1 a (g Ve % = Van Van
Aﬁ (pa) ;872’85 ab_[ ﬁb Vzb apbj

Coefficient of diffusion in momentum space (spreads particle beam)

2,2 2
QAR \ _ qaqb = Vab 5ij B Vabi Vabj
D (P,) = ;—87&“5 In Aabjd Po v f,

Other form is also used

of o [= 1 0 O .
(_aj :_T|:A(a) fa:|+_ |:B|§ )fa]
ot ). 2 0p,; 6paj

-

- - . A — A B. = B_gb
where coefficients are expressed via sums Ac) Zb: Ay J Zb: I

and partial terms may be expressed via Rosenbluth potentials G a H

= 0 o O
:\Pa,b_Hab Bab :\Pa,b__Gab
Ay =¥ H2(p) . L

—



|_enard-Balescu collision term

f of gac and gnc are preserved — they describe long-distance correlations —
collision term includes dynamic shielding of collisions by plasma

Nearly the same form as FP, but kernel
josf &3 b0
b @ ek L (R, R)

g — longitudinal relative permittivity, when & = 1 = Fokker-Planck
(Landau)

5'(&),?):1+Z qéz_fdﬁa L . Eafa
@

ago




Boltzmann collision term
Last term on the right side is preserved during of g derivation — charac-
teristics do not correspond to straight-line motion, but to motion in field

g in equilibrium (f is stationary homogeneous Maxwell’s distribution)

Uab(| Ifb|)
0., =| EXp —1|ff
° { [ KT °

for a<<1 result is the same as that for Fokker-Planck equation
Boltzmann collision term

of
(@tj Zjdpb ab|:f (p )f (pb) fa(pa) fb(ﬁb)]daab(vab,é?,go)

for elastic spheres of radius a je do=a°dQ

oro U~1r" = do~dQ/v*" often used for real gas

12 6
Lennard-Jones potential U=4e [(a/ r)"—(alr) }

dG . qaqb 2 1
for Coulomb potential dQ | 8zg, m, V2, | sin*(0/2)



Apendix
Apendix — Derivation of kernel of Fokker-Planck collision integral
First, Fourier transformation of Coulomb potential is calculated

Uy,(N=—2b = o, (K)=[U,(r)exp(-ikF)dr =2 jeﬁ dF
] Arg, ¥ ] ] Are, ¥ 1

—ikrcosé@
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4.9,
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and thus

ouU () dk
r k ki — 2 |k, —— k ki
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J
0 a . 3 \ 0 ] k ik +ik
1dfa}%j U (|7, _?3+Vf|)=_[df i [k, 5 D (k)e

T 5[ ET)

J—— —
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T s

(27)



Apendix

—» —

dk

[, |jk' ~ D, (K)e* ) mjk — D, (K)e" " 5(kv)=
dk . , Rt
=—[k, —= @, (k)5 (kv k’ @, (K) [dr et =
.f 1(27[)3 b ( ).[ b j :tlzﬂ)%(mf)

=—k® (k)

:ﬂf(z‘f)3 kk, 2 (k) 5(K V) (®(=K) = 0 *(K) = (k)

without any limitation, one can assume  V=(V,0,0) then relations hold
[k (K)okv)dk, =0 A [ki®(k)o(k,v)dk, =0

and mtegral =0 for I =XV J=X mixed yz component is also=0

[__::[Jj_:ﬂ”dkd k; [ die @2, (k) 5 (kv ;rjjdkdk _— L (Jh2 k) =

(27)

__dekw{qu] Esin” p =_o% Idk,\ KRN
0 0

g,k 8re vy k 8me v

and now we only have to transform for any direction of velocity



Apendix

as the only direction is V, there can be used only tensors &; and viv;j/v?

O 0O
L ~l0 1 0]=s 21V
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