One-fluid approximation (magnetohydrodynamics - MHD)

MHD describes slow plasma motions— quasineutrality 1s conserved

MHD treats plasma like one electrically conducting fluid— equations for mass
density pum, velocity u, electric current J, magnetic field B, and electric field E

MHD includes mass and charge conservation, momentum conservation,
generalized Ohm’s law, and Maxwell’s equations

Mass conservation — electron and 1on number conservation multiplied by masses

and added
on . _
8; i le(neue) =0 Py = M,N, +M n,
on. _ mnu,+Mnu,
a_;eriV(”iﬁi):O “e mn +Mn.
0 . ~ .
= EprLle(pMu):O (1) i~ Py =p,

Recommended reading: Chen 5.7, 6.2-6.4, 6.7, Nicholson chapter. 8 MHD 1



If we multiply electron and 1on conservation by charges (¢., ¢:;) and added up, we
get charge conservation (equation for charge density 2. and current density /)

op,
> (2)

Momentum conservation for electrons and 1ons may be expressed, as follows

9 mn i )+div(m n i ®i =g n (E+ii, xB)=Vp - mnv (i, —ii
6t 7 f B

—

where operator & is defined as follows a®b=ab,

After summation one obtains

0 . : . = oz
E(pMu)+d1V(pMu®u):ch+]xB—Vp (3)
where Pe=qn. +qn,  j=qni, +qni,  p=p,+p,
(momentum exchange A, =-mny, (”e B ﬁi) a 4. =-Mmny, (“i - ﬁe) between

electrons and 10ons cancels)
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Equation for electric current
To get equation for ; it is possible to add momentum eqs multiplied (x4, /m,),
but it will be difficult to close equation system without assumption me << M; .
Let us start from the assumption of negligible electron mass and let’s require zero
difference in electron and ion acceleration. While the difference in acceleration
due to gravitation 1s zero, 1on acceleration by other forces i1s negligible compared
to electrons. Thus, we use plasma approximation and the total force acting on
electrons is set to 0 (must be small)

0=-Vp, +qene(E+ﬁe xé)—m nyv, (i, —u,)

e e el

Additionally, we use quasineutrality for slow motions and express electric field

= — = M M - = my . -
E=-uxB———=Vp, +—— jxB+— (4)
ep, L ep, L en,
Current along magnetic field — electrons dominate
eE . = . én, = e’n
——v,-u, =0 j=—-enu,=—-=F Op=—" .
m, =~ ° = “C my, my., el. conductivity

-
.

and the last term of equation (4) may be transformed to the form GL

E
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From (4) we obtain equation for current

-~ M.o, . ~ .
+—=(7xB E+uxB+ LV
/ ep, 2 <] ) E( ep, 2 Pej (5)

to close the equation system, we express P. =&P, where a=1 for Z>>1

and ¢ = 12 forZ =1,1, =1,

When Maxwell’s equations and the equation of state for pressure are added, one obtains a
closed system of equations that can be solved

In MHD. equations are usually simplified by additional assumptions:

the Hall current is usually omitted compared to flow term JXB <<uxB,

for low temperatures one omits pressure in the equation for current (pressure leads
to Biermann battery term — B cannot arise form 0 in MHD without this term)

= j=o0, (E+17¢><B) Ohm’s law (©6)
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Ideal MHD (v—>0=0, > )

Put_ div(p,,ii)=0 i} i
o E=—iixB
dii L
IOMEZ_VP_F]XB %:%_va
curl B=p,;
B .
5—=curl(ﬁxB)
Ot

Freezing of magnetic field into plasma
plasma moves along flux tubes, flux tube element is Sl =X'-%

- . . - . _b’ — ” 7 7
and velocity %' in the point X'is ¥ =U T (51 V)”
then the time derivative of the element

9
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—5i=a'—ﬁ=(5iv)ﬁ

The equation for time derivative of B is rearranged using well-known vector 1dentity

OB s (mN= (o B
Ez—Bdlvu+(BV)u—(uV)B

When this equation is combined with continuity relation, one obtains

2 2)eav[ 2)-2(2)-[ Zv)s

The variations of vectors 0/ and B/p are given by the same equation, and thus magnetic
force lines follow plasma motions, they are “frozen” into plasma.

For surface S moving together with plasma it holds 4, .[ BdS =0 (Alfvén ‘s theorem)
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Hydromagnetic equilibrium

du Lo . .
We start from equations Pu™ g = =—Vp+jxB curl B= ]

du ou
Equilibrium dt  or

-0 = Vp=/xB

Elx(l;xé):(ﬁ-é)l;—(ﬁ-l;)E — (ExVﬁ):sz—(]'-E)E

for component || B it always holds, J, cannot be derived from here (j 1 = Ok Eu)

- éxv_’ — — - 3 = 5 vap
7= sz (curl B)x B = 4, (j x B) = (7, x B) = 1 ( pe xBj 14,Vp
2
1 : :
V( p +LB—j = (BV)B —_ p+iB— — const. diamagnetic effect
Hy 2 Ho ) Hy 2
often = 0

B?/210 = magnetic pressure
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B= p _zn.kgT, ratio of thermal pressure to magnetic pressure
2 2
B B (parameter £ of a device gives the ratio of maximum
214, 214,

thermal pressure to the maximum magnetic pressure)

Non-ideal MHD — plasma diffusion into magnetic field
. OB

VxE+—=0 j=c.(E+iixB
Ot /=0 ( )
= o we shall assume u =0
curl B =y,
B 1 R 1 -
9PB__ Vx(VxB)= AB
Ot HyO JINo
5 71s the time of plasma penetration into field
T=L"u,o,

It is the B dissipation time — field energy transformation into heat
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.2 2
1 B - 1 - B
W:‘] = 5 h h d ‘j‘:—‘CUI'lB‘:—
o, o, u'L where we have use 1, 1L
1 B* B’
hence, the dissipated energy Ve = o, 1 I Loy = :U_o

Simultaneous flow and penetration (diffusion)

0B 1 | = L=
= AB +V x(ii x B)
ot oy
the first term is diffusion; the second term is freezing (field moves together with flow)
1
: —ubB
freezing term I
RM — d . — 1 1 — EIUOuL
Magnetic Reynolds number iffusion term -B
Optly L
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Instabilities driven by the pressure gradient

1.Rayleigh-Taylor instability boundary between fluids, if

J2
Dispersion relation of waves j J/ =
Ve
o _ke(p—p,) 2
P+ P
for oo < p1 waves on the fluid surface
for P, > Py @, =1y amplitude grows = instability

2.Instability of magnetically confined plasma (Kruskal-Schwartzschild)
B 1s the lighter fluid, plasma is the heavier fluid
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T v p, PLAZMA Os - m, §XE0
. 0= 3
[on drift g, B} >

y electron drift may be omitted

L

VAKUUM l g

Due to 1on motion, charge 1s formed at the rippled surface, it induces electric field,
and 1t causes ExB drift of 1ons and electrons that enhances ripples
Derivation from 2-fluid description (derivation is also possible from MHD):

ions — equation of motion

oV R R . .
", {G_tl +H( V) Vl} — 4 (El VX BO) acceleration g 1s contained 1n velocity vo
E =(0,E,,0) k=(0,k,,0) —i(@—k,v,)Vm, =q,(E, +,xB,)
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2 2
for (w—kv,) <<—m,-2 =Q :>V1)C——B0 L

c 0

vix 18 ExB drift (for ions and els), viy polarization drift (negligible for electrons)
ion continuity equation

on, _ o -
8_1 +V,-Vn, +ndivv,+V,-Vn, +n,divv, =0
l
—ion, +ikvn +v, Vg +ikv, ng =0
electron continuity equation ~ —i®m + V.V, =0 \where we assumed Z=1 and

quasineutrality ni1 = ne1 after substitution one obtains dispersion relation

o = lkvo + lkzvo2 + 8- Vi,
2 4 n,

enough long waves grow, if the density gradient goes against the gravitational acceleration

MHD 12



	One-fluid approximation (magnetohydrodynamics - MHD)
	MHD describes slow plasma motions– quasineutrality is conserved
	MHD treats plasma like one electrically conducting fluid– equations for mass density (M, velocity ,𝑢., electric current ,𝑗., magnetic field ,𝐵., and electric field ,𝐸.
	MHD includes mass and charge conservation, momentum conservation, generalized Ohm’s law, and Maxwell’s equations
	Mass conservation – electron and ion number conservation multiplied by masses and added

	Freezing of magnetic field into plasma

